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Abstract
An isolated horizon (IH) is a null hypersurface at which the geometry is held
fixed. This generalizes the notion of an event horizon so that the black hole is
an object that is in local equilibrium with its (possibly) dynamic environment.
The first law of IH mechanics that arises from the framework relates quantities
that are all defined at the horizon.
IHs have been extensively studied in Einstein gravity with various matter
couplings and rotation, and in asymptotically flat and asymptotically anti-de
Sitter (ADS) spacetimes in all dimensions D ≥ 3. Motivated by the nonunique-
ness of black holes in higher dimensions and by the black-hole/string corre-
spondence principle, we devote this thesis to the extension of the framework to
include IHs in string-inspired gravity models, specifically to Einstein-Maxwell-
Chern-Simons (EM-CS) theory and to Einstein-Gauss-Bonnet (EGB) theory
in higher dimensions. The focus is on determining the generic features of black
holes that are solutions to the field equations of the theories under considera-
tion. To this end, we construct a covariant phase space for both theories; this
allows us to prove that the corresponding weakly IHs (WIHs) satisfy the zeroth
and first laws of black-hole mechanics.
For EM-CS theory, we find that in the limit when the surface gravity of the
horizon goes to zero there is a topological constraint. Specifically, the integral
of the scalar curvature of the cross sections of the horizon has to be positive
when the dominant energy condition is satisfied and the cosmological constant
Λ is zero or positive. There is no constraint on the topology of the horizon cross
sections when Λ < 0. These results on topology of IHs are independent of the
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material content of the stress-energy tensor, and therefore the conclusions for
EM-CS theory carry over to theories with arbitrary matter fields (minimally)
coupled to Einstein gravity.
In addition, we consider rotating IHs in asymptotically ADS and flat space-
times, and find the restrictions that are imposed on them if one assumes
they are supersymmetric. For the existence of a null Killing spinor in four-
dimensional N = 2 gauged supergravity we show that ADS supersymmetric
isolated horizons (SIHs) are necessarily extremal, that rotating SIHs must have
non-trivial electromagnetic fields, and that non-rotating SIHs necessarily have
constant curvature horizon cross sections and a magnetic (though not electric)
charge. When the cosmological constant is zero then the gravitational angular
momentum vanishes identically and the corresponding SIHs are strictly non-
rotating. Likewise for the existence of a null Killing spinor in five-dimensional
N = 1 supergravity, we show that SIHs (in asymptotically flat spacetimes) are
strictly non-rotating and extremal.
For EGB theory we restrict our study to non-rotating WIHs and show
explicitly that the expression for the entropy appearing in the first law is in
agreement with those predicted by the Euclidean and Noether charge methods.
By carefully examining a concrete example of two Schwarzschild black holes in a
flat four-dimensional spacetime that are merging, we find that the area-increase
law can be violated for certain values of the GB parameter. This provides a
constraint on the free parameter.
1 Introduction
“What is mind? No matter. What is matter? Never mind.” ∼ H J Simpson
1.1 Statement of the problem
It has been appreciated for some time that a black hole behaves as a thermal ob-
ject and has a macroscopic entropy SBH, the Bekenstein-Hawking entropy, that is
proportional to the surface area A of the event horizon (Bekenstein 1973; Beken-
stein 1974; Hawking 1975). This fact is a very beautiful example of the profound
relationship between the classical and quantum aspects of the gravitational field,
and is one of the main reasons why the study of black holes continues to be one of
the most interesting areas of research in gravitational theory. It is also the main
reason to believe that the gravitational field should have a quantum description.
One of the goals of all the different approaches to quantum gravity is to identify
the microscopic degrees of freedom that account for the entropy, and to obtain the
area-entropy relation from first principles using statistical mechanics. If it turned
out that gravity cannot be quantized, then this fact would provide a very striking
counterexample to our belief that thermal properties of any object are described
quantum mechanically in terms of the microstates of the corresponding system.
To get a general feeling for the problem, it is worth looking at the entropy
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with a concrete example. First, let us write down the expression with all physical
constants. For a black hole in Einstein gravity this is
SBH =
A kBc
3
4~GD
=
A kB
4l2P
, (1)
with kB the Boltzmann constant and l
2
P the Planck “area” defined by the speed of
light c, D-dimensional gravitational constant GD and Planck constant ~. Let us
further consider a Schwarzschild black hole of one solar mass M⊙ = 1.989× 1030 kg
in four dimensions. The spacetime for this solution in spherical coordinates is the
line element
dS2 = −
(
1− 2M⊙G4
rc2
)
c2dt2 +
(
1− 2M⊙G4
rc2
)−1
dr2 + r2(dθ2 + sin2 θdφ2) . (2)
The event horizon has radius r = 2G4M⊙/c
2 and the surface area is then A =
32πG24M
2
⊙/c
4. This gives a numerical value of
S =
8πG4kBM
2
⊙
~c
= 2.895 × 1054 J ·K−1 (3)
for the entropy of the black hole. The number of quantum states N that this entropy
corresponds to is therefore
N = exp
(
S
kB
)
= exp(2.098 × 1077) , (4)
which is a huge number by any standards. For comparison, we note that the number
S /kB is on the same order of magnitude as the estimated total number of nucleons
in the universe!
The problem is to answer the following question: What are the microscopic
degrees of freedom that account for the entropy of the black hole? The Schwarzschild
solution is static, which implies that the degrees of freedom cannot be gravitons.
They must be described by nonperturbative configurations of the gravitational field.
The leading approaches to quantum gravity that have been most successfully
applied to the problem of black-hole microstates are loop quantum gravity (LQG)
(Ashtekar and Lewandowski 2004) and superstring theory (ST) (Aharoney et al
2000).
• Loop quantum gravity. Here one counts the states arising from punctures
where spin networks traversally intersect a surface that is specified in the
quantized phase space with a set of boundary conditions (Ashtekar et al 1998;
Ashtekar et al 2000a). This surface represents the black hole horizon and is
intrinsically flat. Curvature is induced at the punctures where the spin net-
works intersect the surface and give it “quanta of area”. The LQG framework
has been successful in describing the statistical mechanics of all black holes
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(with simple topologies) in four dimensions, but up to a single free param-
eter that enters into the classical phase space as an ambiguity in the choice
of real self-dual connection (Barbero 1996; Immirzi 1997; Rovelli and Thie-
mann 1997). In order for the framework to produce the correct coefficient
that matches the one for S in (1), this parameter must be fixed to a specific
value which depends on how the state-counting is done. See e.g. (Tamaki
and Nomura 2005). It was recently pointed out, however, that if the Newton
constant as well as the surface area of the black hole are renormalized then
the entropy may be the same for all values of the parameter (Jacobson 2007).
Also, certain special properties of four-dimensional spacetimes have to be ex-
ploited within the framework, which are crucial for the calculations to work
at all. This makes it difficult to extend the framework to higher dimensions.
• Superstring theory. There are two (independent) approaches to the prob-
lem here. The first is the D-brane picture (Maldacena 1996; and references
therein), whereby one counts the states of a particular quantum field theory
on a configuration of D-branes which forms a black hole in the limit when
the string coupling is increased. The second is the anti-de Sitter/conformal
field theory (ADS/CFT) picture (Witten 1998a; 1998b), whereby a black hole
in a five-dimensional ADS spacetime is described by a conformally invariant
SU(N) super Yang-Mills theory; here the states accounting for the entropy
are the quantum states of the CFT. Both of these approaches have been suc-
cessful in describing the statistical mechanics, with the exact coefficient for
the area-entropy relation, but for a very limited class of black holes: extremal
and near-extremal in the D-brane picture while very small black holes (corre-
sponding to high temperature limit) in the ADS/CFT picture. In particular,
astrophysical black holes such as those described by the solution (2) are not
among the class of black holes that are described in the ST approaches.
The LQG and ST approaches are very different, both philosophically and in the
methods that are used for quantization. LQG on the one hand is a background
independent canonically quantized theory of pure gravity in four dimensions, while
ST on the other hand is a quantum field theory over a fixed nondynamical back-
ground in higher dimensions that is supposed to describe all interactions as well as
gravity. It is unclear, and surprising, that such different approaches all lead to the
same answer. This is an instance of the “problem of universality” which has been
advocated for some time now by Carlip (2007). Essentially, the entropy of a black
hole may be fixed universally by the diffeomorphism invariance of general relativity.
1.2 Motivation for thesis research
The fact that the ST approaches give the exact coefficient for the entropy of a black
hole is truly remarkable, despite that they do so for such a limited class of solutions.
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Nevertheless, the ST approaches are the most favored because they explain the
entropy dynamically, and also from an aesthetically pleasing point of view that
ST is a unified theory of all interactions. Despite all successes though, a number
of problems remain. Among the more serious ones are black hole nonuniqueness
in higher dimensions and an inconsistency that has been overlooked in the black-
hole/string correspondence principle.
• Black-hole nonuniqueness. In a four-dimensional asymptotically flat space-
time, a charged and rotating black hole is uniquely described by its conserved
charges; the only unique solution is the Kerr-Newman metric (Robinson 1973).
This is a statement of the black-hole uniqueness theorem, and is a striking
property of the simplicity of black holes in nature. The advent of ST rev-
olutionized our view of the universe, for example with the requirement of
extra spatial dimensions. For a long time it was generally assumed that the
properties of four-dimensional black holes, particularly the uniqueness theo-
rem, simply carry over to higher dimensions as well. The black ring solution
(Emparan and Reall 2002) that describes a rotating black hole with horizon
topology S1 × S2 in five dimensions, was the first counter-example to the
uniqueness of black holes in asymptotically flat spacetimes. Specifically, the
uniqueness theorem fails (in five dimensions) because the conserved charges
of the ring can coincide with the conserved charges of a rotating black hole
with horizon topology S3 (Myers and Perry 1986). The natural question that
should be investigated is therefore the following: What properties of black
holes in four dimensions carry over to higher-dimensional spacetimes? More
specifically, we should ask the following question: What are the generic fea-
tures of black holes in higher-dimensional spacetimes in general and within the
ST framework in particular? An ideal method of investigating such questions
is to employ a covariant phase space of all solutions to the equations of motion
for a given action principle.
• Black-hole/string correspondence principle. The methods that are employed
in ST lead to a first law of black-hole mechanics that relates quantities at
the event horizon and quantities defined at infinity. This “hybrid” relation
appears to be unphysical in ST from the point of view of the black-hole/string
correspondence principle (Susskind 1993), which states that there is a smooth
transition from a black hole to a string in the limit when the string coupling
is decreased. For this correspondence principle to work, the entropies of the
black hole and string are required to be equal for a particular value of the
string coupling constant because the entropy of the black hole is proportional
to the mass squared and the entropy of the string is proportional to the mass
(Horowitz and Polchinski 1997). However, while the mass of the black hole
is measured at infinity, the mass of the string is determined by the string
5
coupling and tension which are intrinsic quantities of the string state in the
sense that no reference needs to be made to infinity at all. Therefore the
conserved charges of the black hole state should not be defined at infinity.
The moral to be extracted from the above considerations is that a framework for
black holes in ST should be employed that is both quasilocal and general enough to
allow for a large class of solutions to be investigated. Remarkably, such a framework
does exist! This is the isolated horizon (IH) framework (Ashtekar and Krishnan
2004). The classical theory of IHs was motivated by earlier considerations by Hay-
ward (1994), but the framework is considerably different as covariant phase space
methods (Witten 1986; Crnkovic´ 1987; Crnkovic´ and Witten 1987; Crnkovic´ 1988;
Lee and Wald 1990; Ashtekar et al 1991; Wald and Zoupas 2000) are employed in
the case of IHs. All the quantities that appear in the first law of IH mechanics
are defined intrinsically at the horizon. The concept of such a surface generalizes
the notion of a Killing horizon in stationary spacetimes to much more general and
therefore physical spacetimes that may include external radiation fields that are dy-
namical. Examples of such systems in general relativity are given by the so-called
Robertson-Trautman spacetimes (Ashtekar et al 1999; Lewandowski 2000).
The IH framework may fit naturally into ST and the black-hole/string corre-
spondence principle. The work presented here is a first step towards extending the
IH phase space beyond Einstein gravity so that a quasilocal description of black
holes may be realized within the context of ST. In this thesis the framework is ex-
tended first to Einstein-Maxwell-Chern-Simons (EM-CS) theory (Liko and Booth
2008; Booth and Liko 2008) and then to Einstein-Gauss-Bonnet (EGB) theory (Liko
and Booth 2007; Liko 2008) in higher dimensions. There are of course many more
theories of gravity in higher dimensions. Some of the modern approaches in five
dimensions incorporating a large extra dimension include braneworld cosmology
(Maartens 2004) and induced-matter theory (Liko et al 2004).
The motivation for extending the IH framework specifically to the two theories
presented in this thesis came from their relevance within the context of ST. EM-CS
theory is important in ST because, in five dimensions, the corresponding action
with negative cosmological constant is the bosonic action of N = 1 gauged super-
gravity (Cremmer 1980; Gu¨naydin et al 1984; Gu¨naydin et al 1985); black holes
in particular are described by solutions to the bosonic equations of motion with all
fermionic fields and their variations vanishing in the vacuum (Gibbons et al 1994;
Gauntlett et al 1999; Gutowski and Reall 2004). In addition, the action in four
dimensions reduces to the Einstein-Maxwell (EM) action, which is the bosonic ac-
tion of N = 2 gauged supergravity (Gibbons et al 1994). EGB theory is important
in ST because the corresponding action contains the only possible combination of
curvature-squared interactions for which the linearized equations of motion do not
contain any ghosts (Zwiebach 1985; Zumino 1986; Myers 1987). This is particularly
important in ST because of the no-ghost theorem (Polchinski 1998), which states
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that the BRST inner product is positive.
1.3 Overview and main results
In Section 2 we consider the phase space of solutions to the equations of motion for
the EM-CS action
S =
1
2κD
∫
M
dD−1x
√−g
{
R − 2Λ− 1
4
F 2
− 2λ
3
√
3
ǫab1···bD−1A
aF b1b2 · · ·F bD−2bD−1
}
. (5)
Here, R is the scalar curvature, g is the determinant of the spacetime metric tensor
gab (a, b, . . . ∈ {0, . . . ,D − 1}), Aa is the vector potential and Fab = ∂aAb − ∂bAa
(with F 2 = FabF
ab) is the field strength. The constants appearing in the action are
the gravitational coupling constant κD = 8πGD and the cosmological constant Λ.
The cosmological constant is given by
Λ =
ε
2L2
(D − 1)(D − 2) , (6)
where ε ∈ {−1, 1} and L is the (anti-)de Sitter radius. Also, we set c = ~ = 1 from
here on unless otherwise stated. The last term is a Chern-Simons (CS) term for
the electromagnetic field; here λ = 0 if D is even and λ = 1 if D is odd. The field
equations that are derived from the action (5) when the metric is varied are the
Einstein equations
Gab = 2Tab − Λgab (7)
with the Einstein tensor Gab and stress-energy tensor Tab given by
Gab ≡ Rab − 1
2
Rgab and Tab = FacF
c
b −
1
4
gabF
2 . (8)
The field equations that are derived from the action (10) when the vector potential
is varied are the Maxwell-Chern-Simons equations
∇aF ab = 4(D + 1)λ
3
√
3
√−g ǫ
bc1···cD−1Fc1c2 · · ·FcD−2cD−1 . (9)
There are several solutions to these equations that describe black holes. In four
dimensions with λ = 0 the equations are solved by a family of topological Kerr-
Newman-ADS (KN-ADS) spacetimes (Kostelecky´ and Perry 1996; Caldarelli and
Klemm 1999). The solutions that are supersymmetric describe: (a) rotating and
extremal black holes with horizon cross sections of spherical, cylindrical or toroidal
topologies and having non-trivial electromagnetic fields; and (b) non-rotating and
extremal black holes with constant curvature horizon cross sections of genus g > 1
and with magnetic (but not electric) charge. In five dimensions, with Λ = 0,
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the simplest solution is the five-dimensional Reissner-Nordstro¨m (RN) spacetime
(Tangherlini 1963; Myers and Perry 1986). The equations admit two asymptotically
flat solutions that describe supersymmetric black holes. These are the Breckenridge-
Myers-Peet-Vafa (BMPV) black hole (Breckenridge et al 1997), and the Elvang-
Emparan-Mateos-Reall (EEMR) black ring (Elvang et al 2004). The Gutowski-
Reall (GR) black hole is a generalization to ADS spacetime of the BMPV black
hole (Gutowski and Reall 2004). The main purpose of the work in (Liko and Booth
2008; Booth and Liko 2008) was to develop a quasilocal framework for these black
holes.
First, we examine the boundary conditions and their consequences. To this
end, we consider the action (5) in the first-order connection formulation of general
relativity, after which we specify the boundary conditions that are imposed onto the
inner boundary of M. These boundary conditions capture the notion of a weakly
isolated horizon (WIH) that physically corresponds to an isolated black hole in a
surrounding spacetime with (possibly dynamical) fields and leads to the zeroth law
of black-hole mechanics.
Next we investigate the mechanics of the WIHs. We show that the action prin-
ciple with boundaries is well defined by explicitly showing that the first variation
of the surface term vanishes on the horizon. We then find an expression for the
symplectic structure by integrating over a spacelike (D − 1)-surface the antisym-
metrized second variation of the surface term and adding to this the pullback of the
resulting two-form to the WIH. This allows us to find an expression for the local
version of the (equilibrium) first law of black-hole mechanics in dimensions D ≥ 5.
Summarizing thus far, we have the following:
Result 1. A charged and rotating WIH ∆ ⊂ M on the phase space of solutions
of EM-CS theory in D dimensions satisfies the zeroth and first laws of black-hole
mechanics.
After proving that the first law holds, we restrict our study to the stronger
notion of (fully) IHs. These are WIHs for which the extrinsic as well as intrinsic
geometries are invariant under time translations. For these horizons, the sign of the
surface gravity κ(ℓ) is well defined. The requirement that κ(ℓ) ≥ 0 therefore allows
us to define a parameter that provides a constraint on the topology of the IHs. We
find that the integral of the scalar curvature of the cross sections of the IH (in a
spacetime with nonnegative cosmological constant) have to be strictly positive if
the dominant energy condition is satified. Furthermore, this integral will be zero
if the horizon is extremal and non-rotating, and the stress-energy tensor Tab is of
the form such that Tabℓ
anb = 0 for any two null vectors ℓ and n with normalization
ℓan
a = −1 at the horizon. For negative cosmological constant there is no restriction
on the scalar curvature of the cross sections of the IH.
Summarizing now, we have the following:
Result 2. The IH cross sections in a higher-dimensional spacetime with nonneg-
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ative cosmological constant are of positive Yamabe type; if Λ < 0 then there is no
restriction on the sign of the scalar curvature.
This result is in agreement with recent work on the topological constraints
of higher-dimensional black holes in globally stationary spacetimes (Helfgott et al
2006; Galloway 2006; Galloway and Schoen 2006). We note that the physical content
of the stress-energy tensor at this point is completely arbitrary. Therefore Result
2 implies that the topology considerations are valid for any matter (nonminimally)
coupled to Einstein gravity. In the case of electromagnetic fields with or without the
CS term, the scalar Tabℓ
anb is the square of the electric flux crossing the horizon.
In Section 3 we examine the restrictions that are imposed on IHs if one assumes
that they are supersymmetric. To do this we specialize to IHs in four dimensions
with negative cosmological constant and in five dimensions with vanishing cosmo-
logical constant. The former theory is the bosonic part of four-dimensional N = 2
gauged supergravity, and the latter theory is the bosonic part of five-dimensional
N = 1 supergravity. We show that the existence of a Killing spinor in four di-
mensions requires that the induced (normal) connection ω on the horizon has to be
non-zero unless the electric charge (but not magnetic charge) vanishes, and that the
surface gravity κ has to be zero. The former condition means that the gravitational
component of the horizon angular momentum is non-zero provided that ω is not
a closed one-form. The latter condition means that the IH is extremal. Likewise,
we show that the existence of a Killing spinor in five dimensions requires that ω
vanishes and this immediately also gives κ = 0.
Summarizing now, we have the following:
Result 3. A SIH of four-dimensional N = 2 gauged supergravity is extremal, and is
either: (a) rotating with non-trivial electromagnetic field; or (b) non-rotating with
constant curvature horizon cross sections and magnetic (but not electric) charge.
A SIH of four-dimensional N = 2 supergravity and of five-dimensional N = 1
supergravity with zero cosmological constant is non-rotating and extremal.
The topological KN-ADS family of solutions (Caldarelli and Klemm 1999) de-
scribe rotating and extremal supersymmetric black holes in four-dimensional ADS
spacetime. Among the special cases is a solution describing a non-rotating and
extremal black hole with constant curvature horizon cross sections and magnetic
charge. The BMPV solution describes an extremal black hole with nonvanishing
angular momentum and non-rotating Killing horizon; this black hole solution is an
example of a distorted IH with arbitrary rotations in the bulk fields (Ashtekar et al
2004). When the angular momentum vanishes this solution reduces to the extremal
RN solution in isotropic coordinates. The conclusions drawn from our Result 2
together with Result 3 are that the only possible horizon topologies for SIHs are
S2 in four dimensions (when Λ = 0) or S3 and S1 × S2 in five dimensions. Both
these topologies have been realized and the corresponding solutions, for example
the BMPV black hole (Breckenridge et al 1997) and the EEMR black ring (Elvang
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et al 2004), are well known. The torus topology is a special case that can occur
only if the stress-energy tensor is of the form such that Tabℓ
anb = 0 for any two null
vectors ℓ and n with normalization ℓan
a = −1. A solution describing such a black
hole has yet to be discovered.
In Section 4 we consider the phase space of solutions to the equations of motion
for the EGB action
S =
1
2κD
∫
M
dDx
√−g
[
R− 2Λ + α
(
R2 − 4RabRab +RabcdRabcd
)]
. (10)
In addition to the quantities that also appear in the EM-CS action (5), the action
(10) also contains explicit dependence on the Riemann tensor Rabcd and Ricci tensor
Rab = R
c
acb. The constant α is the GB parameter. The field equations that are
derived from the action (10) when the metric is varied are the EGB equations
Gab = −Λgab + α
{
1
2
(
R2 − 4RcdRcd +RcdefRcdef
)
gab
− 2RRab + 4RacR cb + 4RacbdRcd − 2RacdeR cdeb
}
. (11)
When α = 0 these equations reduce to the vacuum Einstein equations. There are
several solutions to these equations that describe black holes. The simplest were
found independently by Boulware and Deser (1985) and by Wheeler (1986a; 1986b),
and describe a static spherically symmetric black hole. The causal structure and
thermodynamics of this solution were later studied by Myers and Simon (1988).
The solution was subsequently extended to ADS spacetime by Cai (2002) and by
Cho and Neupane (2002). The purpose of the work in (Liko and Booth 2007; Liko
2008) was to develop a quasilocal framework for these black holes.
Just as for IHs in EM-CS theory, we begin by examining the boundary conditions
and their consequences. It turns out that for the zeroth law to be satisfied, the
boundary conditions need to be slightly modified. Specifically, an analogue of the
dominant energy condition has to be imposed onto the Ricci tensor instead of the
matter stress-energy tensor. The zeroth law then follows naturally from the modified
boundary conditions.
Next we investigate the mechanics of the WIHs. In particular, we show that
the action principle for WIHs in EGB theory is well defined by explicitly showing
that the first variation of the surface term vanishes on the horizon. This turns
out to be quite complicated due to the presence of the GB term. Nevertheless,
we verify the differentiability of the action for EGB theory by brute force at the
expense of restricting the phase space to non-rotating WIHs. We then find an
expression for the symplectic structure by integrating over a spacelike (D − 1)-
surface the antisymmetrized second variation of the surface term and adding to
this the pullback of the resulting two-form to the WIH. This allows us to find an
expression for the local version of the (equilibrium) first law of black-hole mechanics
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in dimensions D ≥ 5, with an entropy expression that contains a correction term
that is proportional to the surface integral of the scalar curvature of the cross
sections of the horizon. We demonstrate the validity of our expression for the
quasilocal entropy of WIHs by directly comparing it to those expressions that are
obtained by the Euclidean (Cai 2002; Cho and Neupane 2002) and Noether charge
(Clunan et al 2004) methods.
Summarizing thus far, we have the following:
Result 4. A non-rotating WIH ∆ ⊂ M on the phase space of solutions of EGB
theory in D dimensions satisfies the zeroth and first laws of black-hole mechanics.
We conclude our investigation of IHs in EGB theory by looking at physical
consequences of the correction term in the entropy can have on the area-increase
law. In order to make the analysis concrete, the calculation is done for black holes
in four dimensions, specifically for the merging of two Schwarzschild black holes in
flat spacetime. It turns out that for this very special case the second law of black-
hole mechanics will be violated if α is greater than the product of the masses of the
black holes before merging minus a small correction due to radiation that may be
lost by gravitational waves during the merging process.
Summarizing now, we have the following:
Result 5. There is a lower bound on α for which the area-increase law will be
violated when two black holes merge.
The calculation of the bound on α is done in four dimensions. However, a similar
bound may presumably be derived for specific solutions in higher dimensions as well
[although in this case the topologies are not as severely restricted as they are in four
dimensions, even for Einstein gravity with Λ = 0 (Helfgott et al 2006; Galloway
2006; Galloway and Schoen 2006)]. Result 2 also corrects a long-held misconception
about the GB term, namely that its presence in four dimensions does not lead to
any physical effects because the term is a topological invariant and does not show
up in the equations of motion.
In Section 5 we conclude the thesis with a brief summary of the work that has
been done here, and discuss some classical applications of IHs in EM-CS theory and
EGB theory.
2 Isolated Horizons in EM-CS Theory
“The beginner ... should not be discouraged if ... he finds that he does not have the
prerequisite for reading the prerequisites.” ∼ P Halmos
2.1 First-order action for EM-CS theory
For application to IHs, we work with the “connection-dynamics” formulation of
general relativity. For details we refer the reader to the review (Ashtekar and
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Lewandowski 2004) and references therein. In this formulation, the configura-
tion space consists of the triple (eI , AIJ ,A); the coframe e
I = e Ia dx
a (I, J, . . . ∈
{0, . . . ,D − 1}) determines the spacetime metric
gab = ηIJe
I
a ⊗ e Jb , (12)
the gravitational (SO(D − 1, 1)) connection AIJ = A Ia Jdxa determines the curva-
ture two-form
ΩIJ = dA
I
J +A
I
K ∧AKJ , (13)
and the electromagnetic (U(1)) connection A determines the curvature
F = dA . (14)
In this thesis, spacetime indices a, b, . . . are raised and lowered using the metric gab,
while internal Lorentz indices I, J, . . . are raised and lowered using the Minkowski
metric ηIJ = diag(−1, 1, . . . , 1). The curvature Ω defines the Riemann tensor RIJKL
[with the convention of Wald (1984)] via
ΩIJ =
1
2
RIJKLe
K ∧ eL . (15)
The Ricci tensor is then RIJ = R
K
IKJ , and the Ricci scalar is R = η
IJRIJ . The
gauge covariant derivative D acts on generic fields ΨIJ such that
DΨIJ = dΨ
I
J +A
I
K ∧ΨKJ −AKJ ∧ΨIK . (16)
The coframe defines the (D −m)-form
ΣI1...Im =
1
(D −m)!ǫI1...ImIm+1...IDe
Im+1 ∧ · · · ∧ eID , (17)
where the totally antisymmetric Levi-Civita tensor ǫI1...ID is related to the spacetime
volume element by
ǫa1...aD = ǫI1...IDe
I1
a1 · · · e IDaD . (18)
In this configuration space, the action (5) for EM-CS theory on the manifold
(M, gab) (assumed for the moment to have no boundaries) is given by
S =
1
2κD
∫
M
ΣIJ ∧ ΩIJ − 2Λǫ− 1
4
F ∧ ⋆F − 2λ
3
√
3
A ∧ F (D−1)/2 . (19)
Here ǫ = e0∧· · ·∧eD−1 is the spacetime volume element and “⋆” denotes the Hodge
dual.
The equations of motion are given by δS = 0, where δ is the first variation; i.e.
the stationary points of the action. For this configuration space the equations of
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motion are derived from independently varying the action with respect to the fields
(e,A,A). To get the equation of motion for the coframe we note the identity
δΣI1...Im = δe
M ∧ ΣI1...ImM . (20)
This leads to
ΣIJK ∧ΩJK − 2ΛΣI = TI , (21)
where TI denotes the electromagnetic stress-energy (D − 1)-form. The equation of
motion for the connection A is
DΣIJ = 0 ; (22)
this equation says that the torsion T I = DeI is zero. The equation of motion for
the connection A is
d ⋆ F − 4(D + 1)λ
3
√
3
F (D−1)/2 = 0 . (23)
The second term in this equation is the contribution due to the CS term in the
action. In even dimensions the equation reduces to the standard Maxwell equation
d ⋆ F = 0. The equations (21) and (22) are equivalent to the field equations (7)
and (9) in the metric formulation, with the components of TI identified with the
electromagnetic stress-energy tensor.
2.2 Boundary conditions
Let us from here on consider the manifold (M, gab) to contain boundaries; the condi-
tions that we will impose on the inner boundary will capture the notion of an isolated
black hole that is in local equilibrium with its (possibly) dynamic surroundings. We
follow the general recipe that was developed in (Ashtekar et al 2000c).
First we give some general comments about the structure of the manifold. Specif-
ically, M is a D-dimensional Lorentzian manifold with topology R ×M , contains
a (D− 1)-dimensional null surface ∆ as inner boundary (representing the horizon),
and is bounded by (D − 1)-dimensional spacelike manifolds M± that extend from
∆ to infinity. The topology of ∆ is R× SD−2, with SD−2 a compact (D− 2)-space.
M is a partial Cauchy surface such that SD−2 ∼= ∆ ∩M . See Figure 1.
The outer boundary B is some arbitrary (D − 1)-dimensional surface. With
the exception of §2.6, we consider the purely quasilocal case in this chapter and
neglect any subleties that are associated with the outer boundary. Including this
contribution in the phase space amounts to imposing fall-off conditions on the fields
for fixed Λ [e.g. asymptotically flat (Ashtekar et al 2000c) or asymptotically ADS
(Ashtekar et al 2007)] as they approach B. In §2.6 we briefly discuss rotation in
asymptotically ADS spacetimes.
∆ is a WIH, which is defined in the following way:
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Figure 1: The spacetime manifold M and its boundaries. The region of the D-
dimensional spacetimeM being considered has an internal boundary ∆ representing
the event horizon, and is bounded by two (D − 1)-dimensional spacelike hypersur-
faces M± which extend from the inner boundary ∆ to the boundary at infinity B.
M is a partial Cauchy surface that intersects ∆ in a compact (D − 2)-space S.
Definition I. A WIH ∆ is a null surface and has a degenerate metric qab with
signature 0 + . . .+ (with D − 2 non-degenerate spatial directions) along with an
equivalence class of null normals [ℓ] (defined by ℓ ∼ ℓ′ ⇔ ℓ′ = zℓ for some constant
z) such that the following conditions hold: (a) the expansion θ(ℓ) of ℓa vanishes on
∆; (b) the field equations hold on ∆; (c) the stress-energy tensor is such that the
vector −T abℓb is a future-directed and causal vector; (d) £ℓωa = 0 and £ℓA←− = 0 for
all ℓ ∈ [ℓ] (see below).
The first three conditions determine the intrinsic geometry of ∆. Since ℓ is
normal to ∆ the associated null congruence is necessarily twist-free and geodesic. By
condition (a) that congruence is non-expanding. Then the Raychaudhuri equation
implies that Tabℓ
aℓb = −σabσab, with σab the shear tensor, and applying the energy
condition (c) we find that σab = 0. Thus, together these conditions tell us that
the intrinsic geometry of ∆ is “time-independent” in the sense that all of its (two-
dimensional) cross sections have identical intrinsic geometries.
Next, the vanishing of the expansion, twist and shear imply that (Ashtekar et
al 2000c)
∇a
←−
ℓb ≈ ωaℓb , (24)
with “≈” denoting equality restricted to ∆ and the underarrow indicating pull-back
to ∆. Thus the one-form ω is the natural connection (in the normal bundle) induced
on the horizon. These conditions also imply that (Ashtekar et al 2000c)
ℓyF←−− = 0 . (25)
With the field equations (23) and the Bianchi identity dF = 0, it then follows that
£ℓF←− ≈ ℓydF←−+ d(ℓyF←−−) = 0 . (26)
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This implies that the electric charge is independent of the choice of cross sections
S
D−2 (Ashtekar et al 2000b). Similarly (in four dimensions) the magnetic charge is
also a constant.
From (24) we find that
ℓa∇aℓb = (ℓyω)ℓb , (27)
and define the surface gravity κ(ℓ) = ℓyω as the inaffinity of this geodesic congru-
ence. Note that it is certainly dependent on specific element of [ℓ] as under the
transformation ℓ→ zℓ:
κ(ℓ) → zκ(ℓ) . (28)
In addition to the surface gravity, we also define the electromagnetic scalar potential
Φ(ℓ) = −ℓyA for each ℓ ∈ [ℓ] and this has a similar dependence.
Now, it turns out that if the first three conditions hold, then one can always find
an equivalence class [ℓ] such that (d) also holds. Hence this last condition does not
further restrict the geometries under discussion, but only the scalings of the null
normal. However, making such a choice ensures that (Ashtekar et al 2000c):
dκ(ℓ) = d(ℓyω) = 0 and dΦ(ℓ) = d(ℓyA) = 0 . (29)
These conditions follow from the Cartan identity, (25) and the property that dω is
proportional to ǫ˜ [defined below in (45)] (Ashtekar et al 2000c). This establishes the
zeroth law of WIH mechanics: the surface gravity and scalar potential are constant
on ∆.
2.3 Variation of the boundary term
Let us now look at the variation of the action (10). Denoting the triple (e,A,A)
collectively as a generic field variable Ψ, the first variation gives
δS =
1
2κD
∫
M
E[Ψ]δΨ − 1
2κD
∫
∂M
J [Ψ, δΨ] . (30)
Here E[Ψ] = 0 symbolically denotes the equations of motion and
J [Ψ, δΨ] = ΣIJ ∧ δAIJ −Φ ∧ δA (31)
is the surface term with (D − 2)-form
Φ = ⋆F − 4(D + 1)λ
3
√
3
A ∧ F (D−3)/2 . (32)
If the integral of J on the boundary ∂M vanishes then the action principle is said
to be differentiable. We must show that this is the case. Because the fields are
held fixed at M± and at B, J vanishes there. Therefore it suffices to show that
J vanishes at the inner boundary ∆. To show that this is true we need to find an
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expression for J in terms of Σ, A and A pulled back to ∆. As for the gravitational
variables, this is accomplished by fixing an internal basis consisting of the (null)
pair (ℓ, n) and D − 2 spacelike vectors ϑ(i) (i ∈ {2, . . . ,D − 1}) such that
e0 = ℓ , e1 = n , ei = ϑ(i) , (33)
together with the conditions
ℓ · n = −1 , ℓ · ℓ = n · n = ℓ · ϑ(i) = n · ϑ(i) = 0 , ϑ(i) · ϑ(j) = δij . (34)
This basis represents a higher-dimensional analogue of the Newman-Penrose (NP)
formalism (Pravda et al 2004). The coframe e Ia can be decomposed in terms of the
vectors in the basis (33) such that
e Ia = −ℓIna − ℓanI + ϑ I(i)ϑ(i)a ; (35)
summation is understood over repeated spacelike indices (i, j, k etc). The pullback
of the coframe to ∆ is therefore
e Ia
←−
≈ −ℓIna + ϑ I(i)ϑ(i)a , (36)
whence the (D − 2)-form
Σ←−IJ ≈ −
1
(D − 3)!ǫIJA1...AD−2ℓ
A1ϑ A2(i1) . . . ϑ
AD−2
(iD−3)
(
n ∧ ϑ(i1) ∧ · · · ∧ ϑ(iD−3)
)
+
1
(D − 2)!ǫIJA1...AD−2ϑ
A1
(i1)
. . . ϑ
AD−2
(iD−2)
(
ϑ(i1) ∧ · · · ∧ ϑ(iD−2)
)
.
(37)
To find the pull-back of A we first note that
∇a
←−
ℓI ≈ ∇a
←−
(
ebIℓb
)
≈ (∇a
←−
ebI)ℓb + e
b
I∇a←−ℓb
≈ ebIωaℓb
≈ ωaℓI , (38)
where we used ∇aebI = 0 in going from the second to the third line (a consequence
of the metric compatibility of the connection). Then, taking the covariant derivative
of ℓ acting on internal indices gives
∇aℓI = ∂aℓI +AaIJ ℓJ , (39)
with ∂ representing a flat derivative operator that is compatible with the internal
coframe on ∆. Thus ∂aℓI ≈ 0 and
∇a
←−
ℓI ≈ A a
←−
IJℓ
J . (40)
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Putting this together with (38) we have that
A a
←−
IJℓ
J ≈ ωaℓI , (41)
and this implies that the pull-back of A to the horizon is of the form
A IJa
←−
≈ −2ℓ[InJ ]ωa + a(i)a ℓ[Iϑ J ](i) + b(ij)a ϑ
[I
(i) ϑ
J ]
(j) , (42)
where the a
(i)
a and b
(ij)
a are one-forms in the cotangent space T ∗(∆). It follows that
the variation of (42) is
δA IJa
←−
≈ −2ℓ[InJ ]δωa + δa(i)a ℓ[Iϑ J ](i) + δb(ij)a ϑ
[I
(i) ϑ
J ]
(j) . (43)
Finally, by direct calculation, it can be shown that the gravitational part JGrav of
the surface term (31) reduces to
JGrav[Ψ, δΨ] ≈ ǫ˜ ∧ δω . (44)
Here,
ǫ˜ = ϑ(1) ∧ · · · ∧ ϑ(D−2) (45)
is the area element of the cross sections SD−2 of the horizon.
Now we make use of the fact that, because ℓ is normal to the surface, its variation
will also be normal to the surface. That is, δℓ ∝ ℓ for some ℓ fixed in [ℓ]. This
together with £ℓω = 0 then implies that £ℓδω = 0. However, ω is held fixed on
M± which means that δω = 0 on the initial and final cross-sections of ∆ (i.e. on
M− ∩ ∆ and on M+ ∩ ∆), and because δω is Lie dragged on ∆ it follows that
JGrav ≈ 0. The same argument also holds for the electromagnetic part JEM of
the surface term (31). In particular, because the electromagnetic field is in a gauge
adapted to the horizon, £ℓA←− = 0, and with δℓ ∝ ℓ we also have that£ℓδA←− = 0. This
is sufficient to show that JEM ≈ 0 as well. Therefore the surface term J |∂M = 0 for
the Einstein-Maxwell theory with electromagnetic CS term, and we conclude that
the equations of motion E[Ψ] = 0 follow from the action principle δS = 0.
2.4 Covariant phase space
The derivation of the first law involves two steps. First we need to find the sym-
plectic structure on the covariant phase space Γ consisting of solutions (e,A,A) to
the field equations (21), (22) and (23) on M. Once we have a suitable (closed and
conserved) symplectic two-form, we then need to specify an evolution vector field
ξa. In this section we derive the symplectic two-form. In the next section we will
specify the evolution vector field which will also serve to introduce an appropriate
notion of horizon angular momentum.
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The antisymmetrized second variation of the surface term gives the symplectic
current, and integrating over a spacelike hypersurfaceM gives the symplectic struc-
ture Ω ≡ Ω(δ1, δ2) (with the choice of M being arbitrary). Following (Ashtekar et
al 2000c), we find that the second variation of the surface term (31) gives
J [Ψ, δ1Ψ, δ2Ψ] = δ1ΣIJ ∧ δ2AIJ − δ2ΣIJ ∧ δ1AIJ − δ1Φ ∧ δ2A− δ2Φ ∧ δ1A .
(46)
Whence integrating over M defines the bulk symplectic structure
ΩB =
1
2κD
∫
M
[
δ1ΣIJ ∧ δ2AIJ − δ2ΣIJ ∧ δ1AIJ − δ1Φ ∧ δ2A+ δ2Φ ∧ δ1A
]
.
(47)
We also need to find the pull-back of J to ∆ and add the integral of this term to ΩB
so that the resulting symplectic structure on Γ is conserved. If we define potentials
ψ and χ for the surface gravity κ(ℓ) and electric potential Φ(ℓ) such that
£ℓψ ≈ ℓyω = κ(ℓ) and £ℓχ ≈ ℓyA = −Φ(ℓ) , (48)
then the pullback to ∆ of the symplectic structure will be a total derivative; using
the Stokes theorem this term becomes an integral over the cross sections SD−2 of
∆. Hence the full symplectic structure is given by
Ω =
1
2κD
∫
M
[
δ1ΣIJ ∧ δ2AIJ − δ2ΣIJ ∧ δ1AIJ − δ1Φ ∧ δ2A+ δ2Φ ∧ δ1A
]
+
1
κD
∮
SD−2
[δ1ǫ˜ ∧ δ2ψ − δ2ǫ˜ ∧ δ1ψ + δ1Φ ∧ δ2χ− δ2Φ ∧ δ1χ] .
(49)
2.5 Angular momentum and the first law
In D dimensions, there are ⌊(D − 1)/2⌋ rotation parameters given by the Casimir
invariants of the rotation group SO(D − 1). Here, “⌊·⌋” denotes the “integer
value of”. For a multidimensional WIH rotating with angular velocities Ωι (ι =
1, . . . , ⌊(D− 1)/2⌋), a suitable evolution vector field on the covariant phase space is
given by (Ashtekar et al 2001; Ashtekar et al 2007)
ξa = zℓa +
⌊(D−1)/2⌋∑
ι=1
Ωιφ
a
ι . (50)
Here, φaι are spacelike rotational vector fields that satisfy
£φqab = 0 , £φℓa = 0 , £φωa = 0 , £φA←− = 0 , £φF←− = 0 . (51)
The vector field ξ is similar to the linear combination ζ = t +
∑
ι Ωιmι (with t a
timelike Killing vector and mι spacelike Killing vectors) for the KN solution. By
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contrast, we note that ξ is spacelike in general and becomes null when all angular
momenta are zero, while ζ is null in general and becomes timelike when all angular
momenta are zero.
Moving on, the first law now follows directly from evaluating the symplectic
structure at (δ, δξ) (Ashtekar et al 2007). This gives two surface terms: one at
infinity (which is identified with the ADM energy), and one at the horizon. We find
that the surface term at the horizon is given by
Ω|∆ = 1
κD
∮
SD−2
κ(zℓ)δǫ˜ +
1
κD
∮
SD−2
Φ(zℓ)δΦ
+
⌊(D−1)/2⌋∑
ι=1
Ωι
κD
δ
∮
SD−2
[(φιyω)ǫ˜+ (φιyA)Φ] , (52)
where we used κ(zℓ) = £zℓψ = zℓyω and Φ(zℓ) = £zℓχ = zℓyA. These potentials are
constant for any given horizon, but in general vary across the phase space from one
point to another. This implies that (52) is not in general a total variation. However,
if κ(zℓ), Φ(zℓ) and Ωι can be expressed as functions of the entropy S, charge Q and
angular momenta Jι defined by
S = 1
4GD
∮
SD−2
ǫ˜ (53)
Q = 1
8πGD
∮
SD−2
Φ (54)
Jι = 1
8πGD
∮
SD−2
[(φιyω)ǫ˜+ (φιyA)Φ] (55)
and satisfy the integrability conditions
∂κ
∂J =
∂Ω
∂S ,
∂κ
∂Q =
∂Φ
∂S ,
∂Ω
∂Q =
∂Φ
∂J , (56)
then there exists a function E such that (Ashtekar et al 2001; Ashtekar et al 2007)
Ω|∆(δ, δξ) = δE . (57)
In this case (52) becomes
δE = κ(zℓ)
2π
δS +Φ(zℓ)δQ+
⌊(D−1)/2⌋∑
ι=1
ΩιδJι , (58)
which is the first law (for a quasi-static process). Therefore WIHs in D-dimensional
EM-CS theory satisfy the first law (and the zeroth law) of black-hole mechanics.
This is in agreement with (Gauntlett et al 1999), but with a very important differ-
ence. Here, all the quantities appearing in the first law are defined at the horizon;
no reference was made to the boundary at infinity.
Remarks. Several remarks are in order here.
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1. The expression (55) implies that the horizon angular momentum contains
contributions from both gravitational and electromagnetic fields, here referred
to as JGrav and JEM. This is in contrast to the standard angular momentum
expressions at infinity, such as the Komar expression. One can show (Ashtekar
et al 2001; Ashtekar et al 2007) that JGrav is equivalent to the (quasilocal)
Komar integral
JK = − 1
8πGD
∮
SD−2
⋆dφ , (59)
and this matches the expression for Killing horizons at infinity.
2. It would appear that if JGrav = 0 then there is still a non-zero contribution
to (55) from JEM. However, it can be shown (Ashtekar et al 2001) that if φ is
the restriction to ∆ of a global rotational Killing field ϕ contained inM, then
JEM is actually the angular momentum of the electromagnetic radiation in
the bulk. What happens is that the bulk integral ∫M TabϕadSb can be written
as the sum of a surface term at ∆ and a surface term at B. Therefore we say
that a non-rotating WIH is one for which JGrav = 0.
3. The charges at B are the charges of the spacetime and are independent of the
charges at ∆.
2.6 Rotation in ADS spacetime
Currently there is a lot of interest in the ADS/CFT correspondence (Maldacena
1998; Witten 1998a; Witten 1998b; Aharony et al 2000). A significant amount of
effort on the gravity side has been focused on finding charged and rotating black
hole solutions in five-dimensional ADS spacetime, both non-extremal in general
(Hawking et al 1999; Chamblin et al 1999; Hawking and Reall 1999; Klemm and
Sabra 2001; Cveticˇ et al 2004; Chong et al 2005) and supersymmetric in particular
(Gutowski et al 2004; Kunduri et al 2006; Kunduri et al 2007a; Kunduri and
Lucietti 2007).
For these black holes, however, there is an ambiguity in how the conserved
charges are defined. This was first pointed out by Caldarelli et al (2000). The
ambiguity arises because for rotating black holes in ADS spacetime there are two
distinct natural choices for the timelike Killing field. To see this, let’s compare the
KN solution (with Λ = 0) and the KN-ADS solution. The KN solution contains
the vector K = ∂/∂t with which one can define the charges. When Λ < 0, however,
there is another timelike Killing vector in addition to K that appears and is given by
K ′ = ∂/∂t+(a/L2)∂/∂φ. For the KN-ADS solution, K remains timelike everywhere
outside the event horizon which implies that if K is chosen as the generator of
time translations then there is no ergoregion present. By contrast, K ′ becomes
spacelike near the event horizon which implies that if K ′ is chosen as the generator
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of time translations then there is an ergoregion in the neighbourhood of the event
horizon. Physically, this means that defining the conserved charges with respect
to K corresponds to a frame at infinity that is co-rotating, whereas defining the
conserved charges with respect to K ′ corresponds to a frame at infinity that is
non-rotating.
The original motivation for defining the conserved charges with respect to K
was that the corresponding boundary CFT conserved charges satisfy the first law
of thermodynamics (Hawking et al 1999); but this comes at the cost that the bulk
conserved charges do not (Caldarelli et al 2000; Gibbons et al 2005). This claim
has by now been corrected. As was shown in (Gibbons et al 2006), one can always
pass from the bulk conserved charges to the boundary conserved charges in such
a way that both sets separately satisfy the first law. The key to this resolution is
that the conserved charges of a rotating black hole in ADS spacetime have to be
measured with respect to the timelike vector which corresponds to a frame that is
non-rotating at infinity.
From the above considerations, it is clear that rotation in ADS spacetime should
be independent of the coordinates that are used. This is especially crucial when
considering supersymmetric black holes in ADS spacetime (the extremal limit of a
non-rotating ADS black hole results in a naked singularity). In this section we will
briefly discuss how the IH framework provides a resolution to the above pathology.
To begin, we define an asymptotically ADS spacetime. Following (Ashtekar and
Das 2000; Ashtekar et al 2007), we have the following:
Definition II. A spacetime (M, gab) is said to be asymptotically ADS if there exists
a spacetime (M̂, g˜ab) with outer boundary I such that M̂ −I is diffeomorphic to
M and the following conditions hold: (a) there exists a function Ω on M̂ for which
g˜ab = Ω
2gab on M; (b) Ω vanishes on I but the gradient ∇aΩ is nowhere vanishing
on I ; (c) the stress-energy tensor Tab on M is such that Ω−(D−2)Tab has a smooth
limit to I ; and (d) the Weyl tensor C˜abcd of g˜ab is such that Ω
−(D−4)C˜abcd is smooth
on M and vanishes on I .
These are the standard boundary conditions which have been tailored to ensure
that a spacetime will be asymptotically ADS. Their meaning is discussed in detail
in (Ashtekar and Das 2000).
In the presence of a negative cosmological constant and with no matter fields,
the covariant phase space of WIHs is modified to include a set of conserved charges
at I (Ashtekar et al 2007). These are the Ashtekar-Magnon-Das (AMD) charges
(Ashtekar and Magnon 1984; Ashtekar and Das 2000)
Q
(I )
ξ =
L
8πGD
∮
CD−2
E˜abk
au˜bε˜ , (60)
with ka a Killing vector field that generates a symmetry (i.e. time translation
etc), u˜a the unit timelike normal to CD−2, ε˜ the area form on CD−2 and E˜ab the
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leading-order electric part of the Weyl tensor. Explicitly we have that
E˜ab =
1
D − 3Ω
3−DC˜abcdn˜
cn˜d , (61)
where n˜a = ∇˜aΩ. As was shown in Appendix B of (Hollands et al 2005), inclusion
of antisymmetric tensor fields in the action does not contribute anything to the
charges at I because the fields fall off too quickly. Therefore the charges at infinity
for EM-CS theory are precisely the AMD charges (60).
Gibbons et al (2005) showed that the asymptotic time translation Killing field
for an exact solution has to be chosen in such a way that the frame at infinity is
non-rotating. If this is done then the AMD charge evaluated for the solution will
result in an expression for mass that satisfies the first law. Moreover, Gibbons et al
(2006) showed that using this definition for the asymptotic time translation has to
be used for a consistent transition to the conserved charges of the boundary CFT.
Let us summarize. The IH framework provides a coherent physical picture
whereby two sets of conserved charges arise in ADS spacetime: the charges mea-
sured at infinity and the local charges measured at the horizon. The local conserved
charges at the horizon then satisfy the first law. When evaluated on exact solutions
to the field equations, the charges at infinity correspond to asymptotic symmetries
that are measured with respect to a non-rotating frame at infinity.
The description of ADS black holes presented here is somewhat different from
the description of black holes in globally stationary spacetimes where an ambigu-
ity appears that manifests itself as a choice of whether the conserved charges are
measured with respect to a frame at infinity that is rotating or non-rotating. This
ambiguity does not appear in the IH framework essentially because the conserved
charges of the black hole are measured at the horizon, and the corresponding first
law is intrinsic to the horizon with no mixture of quantities there and at infinity!
2.7 A topological constraint from extremality
One of the properties of an extremal black hole is that its surface gravity is zero.
Another property is that its horizons are degenerate: the inner and outer horizons
coincide. As a result, an extremal black hole is one for which there are no trapped
surfaces “just inside” the horizon. This property was recently used (Booth and
Fairhurst 2008) to define an extremality condition for quasilocal horizons. We note
here the evolution equation for the expansion of the null normal na (Booth and
Fairhurst 2008):
£ℓθ(n) + κθ(n) +
1
2
R = daω˜a + ‖ω˜‖2 + (Tab − Λgab)ℓanb . (62)
Here, R is the scalar curvature of SD−2, da is the covariant derivative operator that
is compatible with the metric
q˜ab = gab + ℓanb + ℓbna (63)
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on SD−2, and ‖ω˜‖2 = ω˜aω˜a where
ω˜a = q˜
b
a ωb = ωa + κ(ℓ)na (64)
is the projection of ω onto SD−2. ω˜ is referred to as the rotation one-form.
Our desire is to apply the expression (62) to black holes, and in order to do
this we need to impose some restrictions on the WIHs. In order to proceed we
now restrict our attention to fully isolated horizons (IHs). These are WIHs for
which there is a scaling of the null normals for which the commutator [£ℓ,D] = 0,
where D is the intrinsic covariant derivative on the horizon. This means that not
only is condition (d) of Definition I satisfied, but also it implies that [£ℓ,D]na = 0
(Ashtekar et al 2002). In contrast to the condition (d) for WIHs, then, this stronger
condition cannot always be met and geometrically such horizons not only have time-
invariant intrinsic geometry, they also have time-invariant extrinsic geometry. That
said it is clear that this condition similarly fixes ℓ only up to a constant scaling. As
such it does not uniquely determine the value of the surface gravity κ(ℓ) but does fix
its sign. In particular this allows us to invariantly say whether or not κ(ℓ) vanishes.
This then gives rise to an invariant characterization of extremality that is intrinsic
to the horizon: a horizon is sub-extremal if κ > 0 (θ(n) < 0) and extremal (with
degenerate horizons) if κ = 0. Further, £ℓθ(n) = 0 and combining this with the fact
that the inward expansion θ(n) should always be less than zero, an integration of
(62) gives
η ≡
∮
SD−2
ǫ˜(Tabℓ
anb + Λ + ‖ω˜‖2)− 1
2
∮
SD−2
ǫ˜R ≤ 0 . (65)
(Here we used −Λgabℓanb = Λ and the fact that
∮
SD−2
ǫ˜daω˜
a = 0.) This inequality
provides an alternative characterization of extremal IHs: if η < 0 (κ > 0 and
θ(n) < 0) then ∆ is nonextremal, and if η = 0 (κ = 0) then ∆ is extremal. However,
this inequality also provides a topological constraint on the cross sections of ∆. To
see this, rewrite (65) so that∮
SD−2
ǫ˜(R− 2Λ) ≥ 2
∮
SD−2
ǫ˜(Tabℓ
anb + ‖ω˜‖2) . (66)
Now, observe that the dominant energy condition requires that Tabℓ
anb ≥ 0. In
addition, ‖ω˜‖2 is manifestly non-negative. The inequality (66) therefore restricts
the topology of the cross sections of the horizon. The condition (66) is the same
as the one that was found in four dimensions for marginally trapped surfaces (Hay-
ward 1994), nonexpanding horizons (Pawlowski et al 2004) and dynamical horizons
(Ashtekar and Krishnan 2003; Booth and Fairhurst 2007).
For nonextremal horizons, η < 0, and the constraint (66) splits into two possi-
bilities, depending on the nature of the cosmological constant:
• Λ ≥ 0. The integral of the scalar curvature is strictly positive. In four di-
mensions the GB theorem says that
∮
S2
ǫ˜R = 8π(1 − g), with g the genus of
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the surface S2. In this case η < 0 implies that g = 0 and hence the only
possibility is that the cross sections are two-spheres S2. In five dimensions
η < 0 implies that the cross sections are of positive Yamabe type; this implies
that topologically S3 can only be a finite connected sum of the three-sphere
S3 or of the ring S1 × S2 (Schoen and Yau 1979; Galloway and Schoen 2006;
Galloway 2006). Both these topologies have been realized and the correspond-
ing solutions, for example the Myers-Perry black hole (Myers and Perry 1986)
and the Emparan-Reall black ring (Emparan and Reall 2002), are well known.
• Λ < 0. The integral of the scalar curvature can have either sign, or even
vanish, and the inequality will always be satisfied. The only restriction is that∮
SD−2
ǫ˜(R+ 2|Λ|) ≥ 2
∮
SD−2
ǫ˜(Tabℓ
anb + ‖ω˜‖2) . (67)
There is no constraint on the topology of SD−2 except that the space has to
be compact. Owing to this special property, many such black holes have been
found with exotic topologies in D ≥ 3 dimensions. See e.g. (Ban˜ados et al
1993;
◦
Aminneborg et al 1996; Vanzo 1997;
◦
Aminneborg et al 1998; Ban˜ados
1998; Ban˜ados et al 1998; Klemm et al 1998).
For extremal horizons, η = 0, and the constraint (66) becomes an equality. In this
case the same restrictions apply to
∮
SD−2
ǫ˜R as for nonextremal horizons. However,
there is also a special case that occurs:∮
SD−2
ǫ˜R = 0 (68)
for an extremal and non-rotating (ω = ω˜ = 0) horizon when the scalar Tabℓ
anb
vanishes on the horizon. This case corresponds to the torus topology TD−2.
Remark. Although the expression (67) does not constrain the topology of ADS
black holes explicitly, there is an interesting area-topology relation that comes out.
The cosmological term can be integrated out, and upon rearranging to isolate the
surface area AS2 ≡
∮
SD−2
ǫ˜ gives
ASD−2 ≥
1
|Λ|
∮
SD−2
ǫ˜
(
−1
2
R+ Tabℓanb + ‖ω˜‖2
)
. (69)
In four dimensions, the GB theorem then implies that
AS2 ≥
1
|Λ|
[
4π(g − 1) +
∮
S2
ǫ˜(Tabℓ
anb + ‖ω˜‖2)
]
. (70)
This implies that the maximum allowed angular momentum is bound by the genus
and area of the horizon; see (Booth and Fairhurst 2008; Hennig et al 2008) for dis-
cussions of the corresponding result for asymptotically flat spacetimes and appendix
B of (Booth and Fairhurst 2008) for a particular discussion of Kerr-ADS.
24
Alternatively, reversing the inequality, one can view it as bounding the allowed
area of isolated horizons from below by the scale of the cosmological curvature and
the genus of the horizon: higher genus horizons necessarily have larger areas. Similar
bounds have previously been discovered for stationary ADS black holes (Gibbons
1999; Woolgar 1999; Cai and Galloway 2001).
3 Supersymmetric isolated horizons
“String theorists listening to talks on loop quantum gravity are often puzzled by the
lack of interest in supersymmetry and higher dimensions, which string theory has
shown seem to be required to satisfy certain criteria for a good theory.” ∼ L Smolin
3.1 Black holes and Killing spinors
Until now we have discussed the mechanics of WIHs in arbitrary dimensions. We
now specialize to supersymmetric horizons and in particular we focus on the bosonic
sector of four-dimensional N = 2 gauged supergravity and the bosonic sector of
five-dimensional N = 1 supergravity. In both cases, black holes are solutions to
the bosonic equations of motion and so the fermion fields vanish. By definition,
supersymmetric solutions are invariant under the full supersymmetry transforma-
tions that are generated by spinor fields. This means that for black hole solutions,
these transformations should leave the fermion fields unchanged (and vanishing).
Therefore any such black hole solutions must admit a Killing spinor field.
For full stationary black hole solutions such as those discussed in (Caldarelli and
Klemm 1999; Gauntlett et al 1999; Gutowski and Reall 2003), the Killing spinor
gives rise to a (timelike) time-translation Killing vector field in the region outside
of the black hole horizon. However, in the quasilocal spirit of the isolated horizon
programme we will only assume the existence of a Killing spinor on the horizon
itself. In this case the spinor will generate a null geodesic vector field that has
vanishing twist, shear, and expansion and this is an allowed ℓ on the WIH.
As we did in §2.7, we will consider fully IHs, which allows for a clear difference
between nonextremal and extremal IHs. Finally we define a supersymmetric isolated
horizon (SIH) as an IH on which the null vector generated by the Killing spinor
coincides (up to a free constant) with the preferred null vector field arising from the
IH structure. As we shall now see these are necessarily extremal as well as having
restricted geometry, rotation, and matter fields.
3.2 Killing spinors in four dimensions
We will first consider the four-dimensional action. With D = 4 and Λ = −3/L2
the action (19) is the bosonic action of N = 2 gauged supergravity. The (extremal)
KN-ADS black hole, which is a solution to the N = 2 supergravity with the fermion
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fields set to zero. As was shown in (Kostelecky´ and Perry 1996), the condition for
a supersymmetric KN-ADS black hole in four dimensions to have positive energy is
that
M = |Q|
(
1± a
L
)
, (71)
which is the extremality condition for the KN-ADS black hole relating the mass
M, total charge Q ≡√q2e + q2m (with qe and qm the electric and magnetic charges)
and angular momentum J = aM at infinity. This is also the saturated Bogomol’ny-
Prasad-Sommerfeld (BPS) inequality. When Λ = 0 the equality (71) reduces to
(Gibbons and Hull 1982)
M = |Q| , (72)
which is the extremality condition for the KN black hole.
For four-dimensional N = 2 gauged supergravity, we shall employ the conven-
tions of (Caldarelli and Klemm 2003). The corresponding (bosonic) action is
S =
1
16πG4
∫
M
ΣIJ ∧ ΩIJ + 6
L2
ǫ− 1
4
F ∧ ⋆F . (73)
The necessary and sufficient condition for supersymmetry with vanishing fermion
fields is that there exists a Killing spinor ǫα such that[
∇a + i
4
Fbcγ
bcγa +
1
L
γa
]
ǫ = 0 . (74)
Here, γa are a set of gamma matrices that satisfy the anticommutation rule
γaγb + γbγa = 2ηab (75)
and the antisymmetry product
γabcd = ǫabcd . (76)
γa1...aD denotes the antisymmetrized product of D gamma matrices. The spinor ǫ
satisfies the reality condition
ǫ¯ = i(ǫ)†γ0 ; (77)
overbar denotes complex conjugation and † denotes Hermitian conjugation.
From ǫ one can construct five bosonic bilinears f , g, V a, W a and Ψab = Ψ[ab]
where
f = ǫ¯ǫ , g = iǫ¯γ5ǫ , V a = ǫ¯γaǫ , W a = iǫ¯γ5γaǫ , Ψab = ǫ¯γabǫ . (78)
These are inter-related by several algebraic relations (from the Fierz identities) and
differential equations (from the Killing equation (74)) (Caldarelli and Klemm 2003).
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For our purposes the significant ones are:
VaV
a = −WaW a = −(f2 + g2) , (79)
V aWa = 0 , (80)
gWa = ΨabV
b , (81)
fΨab = −ǫabcdV cW d + 1
2
gǫabcdΨ
cd , (82)
∇af = FabV b , (83)
∇ag = − 1
L
Wa − 1
2
ǫabcdV
bF cd , (84)
∇aVb = 1
L
Ψab − fFab + g
2
ǫabcdF
cd , (85)
∇aWb = − g
L
gab − F c(a ǫb)cdeΨde +
1
4
gabǫcdefF
cdΨef and (86)
∇cΨab = 2
L
gc[aVb] + 2F
d
[a ǫb]dceW
e + F dc ǫdabeW
e + gc[aǫb]defW
dF ef . (87)
These are general relations for the existence of a Killing spinor in spacetime. Al-
though the Killing spinor may exist in a neighbourhood of the horizon, we only
require that it exist on the horizon itself. Henceforth we specialize by setting
f = g = 0 and at the same time require that the relations hold on ∆. Thus,
the differential equations (83)-(87) are only required to hold when the derivatives
are pulled-back onto the horizon.
With f = g = 0, equation (79) implies that V a and W a are both null. On
an SIH we identify ℓa = V a and so condition (24) together with the differential
constraint (85) implies that
∇ a
←−
ℓb = ωaℓb =
1
L
Ψ a
←−
b , (88)
and using the skew-symmetry of Ψab we can write
Ψab = L(ωaℓb − ωbℓa) . (89)
Then by equation (81)
ℓyω = 0⇔ κ(ℓ) = 0 . (90)
Thus, an SIH is necessarily extremal.
For ease of presentation we now assume that the SIH is foliated into spacelike
two-surfaces Sv. One can always construct such a foliation (and its labelling) so
that the associated null normal n ≡ dv satisfies ℓyn = −1 (Ashtekar et al 2002).
Then the two-metric on the Sv is given by (63) and area form on the Sv can be
written as
ǫ˜cd = −ℓanbǫabcd . (91)
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Now we note that with κ(ℓ) = 0 it follows from (64) that ωa = ω˜a and hence
ωa ∈ T ⋆(Sv). Finally, with respect to this foliation, the usual restriction (25) and
(redundantly) equation (83) implies that the electromagnetic field takes the form
Fab = 2E⊥ℓ[anb] +B⊥ǫ˜ab + 2X˜[aℓb] , (92)
on ∆. Here, E⊥ and B⊥ are the electric and magnetic fluxes through the surface and
X˜a ∈ T (Sv) describes flows of electromagnetic radiation along (but not through)
the horizon.
With these preliminaries in hand we can consider the properties of SIHs in
asymptotically ADS spacetimes. First, relations (80) and (82) tell us that
W a = LβV a (93)
for some function β (the factor of L has been included for later convenience). Then
the pull-back of (84) trivially vanishes without giving us any new information but
(86) provides a differential equation for β on each Sv
daβ + βω˜a = B⊥ω˜a − E⊥ǫ˜ ba ω˜b , (94)
where da is the intrinsic covariant derivative on Sv, along with its time-invariance:
£ℓβ = 0.
Next applying the various properties of extremal IHs, one can show that the
pull-back of (87) is
∇c
←−
Ψab = 2L
(
1
L2
− βB⊥
)
q˜c[aℓb] + 2LβE⊥ǫ˜c[aℓb] , (95)
and combining this with (89) we find that
daω˜b + ω˜aω˜b =
(
1
L2
− βB⊥
)
q˜ab + βE⊥ǫ˜ab . (96)
Now as was seen in (55), the gravitational angular momentum associated with
a rotational Killing field φa is
JGrav = 1
8πG4
∮
Sv
ǫ˜φyω˜ , (97)
and so a necessary condition for non-zero angular momentum is a non-vanishing
rotation one-form ω˜a. That said, this is not quite sufficient as it is possible for a
non-vanishing φyω˜ to integrate to zero. For example, consider the case where Sv
has topology S2 and φa is a Killing field (and so divergence-free). Then for some
function ζ we can write φa = ǫ˜abdbζ and∮
Sv
ǫ˜φyω˜ =
∮
Sv
ζdω˜ . (98)
Thus, for all closed rotational one-forms (dω˜ = 0) the associated gravitational angu-
lar momentum will vanish. As such, it is standard in the isolated horizon literature
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[see e.g. (Ashtekar et al 2001)] to take dω˜ 6= 0 as the defining characteristic of a
rotating isolated horizon. In our case
d[aω˜b] = βE⊥ǫ˜ab , (99)
and so an SIH is rotating if and only if βE⊥ 6= 0. Thus, a rotating horizon must
have a non-trivial electromagnetic field. This is in agreement with known exact
solutions: rotating supersymmetric Kerr-Newmann-AdS black holes as well as those
with cylindrical or higher genus horizons all have non-trivial EM fields (Caldarelli
and Klemm 1999).
3.3 Killing spinors in five dimensions
We will now consider the five-dimensional action. With D = 5 and Λ = 0 the action
(19) is the bosonic sector of N = 1 gauged supergravity. As in the four-dimensional
EM theory, solutions to the bosonic equations of motion require the existence of
a Killing spinor to ensure that supersymmetry is preserved. For black holes, the
positive energy theorem together with this requirement imply that the mass and
charge at infinity are constrained such that (Gibbons el al 1994)
M =
√
3
2
|Q| . (100)
As can be verified, the equality (100) is satisfied by the (5D) extremal RN black
hole (Myers and Perry 1986), the BMPV black hole (Breckenridge et al 1997) and
the EEMR black ring (Elvang et al 2004).
The strategy for finding supersymmetric solutions to the bosonic equations of
motion based on Killing spinors is essentially the same in five dimensions as it
is in four dimensions. However, a problem arises specifically in five dimensions
– spinors satisfying certain reality conditions cannot be consistently defined unless
they come in pairs and are equipped with a symplectic structure. For details we refer
the interested reader to the excellent Les Houches lectures by van Nieuwenhuizen
(1984).
For five-dimensional N = 1 supergravity, we shall employ the conventions of
(Gauntlett et al 2003). The corresponding (bosonic) action is
S =
1
16πG5
∫
M
ΣIJ ∧ΩIJ − 1
4
F ∧ ⋆F − 2
3
√
3
A ∧ F ∧ F . (101)
The necessary and sufficient condition for supersymmetry with vanishing fermion
fields is that there exists a Killing spinor ǫα (α, β, . . . ∈ {1, 2}) such that[
∇I + 1
4
√
3
(Γ JKI − 4δ JI ΓK)FJK
]
ǫα = 0 . (102)
Here, ΓI are a set of gamma matrices that satisfy the anticommutation rule
ΓIΓJ + ΓJΓI = 2ηIJ (103)
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and the antisymmetry product
ΓIJKLM = ǫIJKLM . (104)
ΓI1...ID denotes the antisymmetrized product of D gamma matrices. The spinors ǫ
α
satisfy the reality condition
ǫ¯α ≡ (ǫα)†Γ0 = (ǫα)TC ; (105)
the second equality is the symplectic Majorana condition, where T denotes matrix
transpose and C the charge conjugation operator satisfying
C(ΓI)TC−1 = ΓI . (106)
Spinor indices are raised and lowered using the symplectic structure ǫαβ which is
defined such that ǫ12 = ǫ
12 = +1.
Using ǫα we can construct bosonic bilinears F , VI and Φαβ = Φ(αβ) such that
Fǫαβ = ǫ¯αǫβ , VIǫαβ = ǫ¯αΓIǫβ , ΦαβIJ = ǫ¯αΓIJǫβ . (107)
As in §3.2, these bilinears are inter-related by algebraic relations and differential
equations. For our present purposes we only need the following (Gauntlett et al
2003):
VIVI = F2 , (108)
∇IVJ = 2√
3
FIJF + 1
2
√
3
ǫIJKLMF
KLVM . (109)
For IHs, F = 0 and VI is null. Then, using (24) together with (109), and again
making the identification Va = ℓa, we find that an IH of five-dimensional N = 1
supergravity equipped with a null normal ℓ will be supersymmetric if
∇a
←−
ℓb ≈ 1
2
√
3
e Ia
←−
e Jb ǫIJKLMF
KLℓM . (110)
It follows that the RHS in (110) vanishes because of the IH condition (25) on F
and the pullback expression (36) for e, and therefore that ω = 0.
3.4 Interpretation
In this chapter we examined the restrictions that are imposed on IHs when they are
assumed to be supersymmetric. The necessary and sufficient condition for super-
symmetry in four-dimensional ADS spacetime is that there exists a Killing spinor
ǫ that satisfies the conditions (74). For four-dimensional SIHs in asymptotically
ADS spacetimes we found that the surface gravity vanishes identically from the
algebraic conditions that are implied by the Killing spinor equation. This means
that the SIHs are necessarily extremal. A further constraint that we found for these
30
SIHs is that the corresponding connection one-form is generically non-zero and is
not closed. Then it follows from (99) that these SIHs are rotating for non-trivial
electromagnetic fields. As we will see below, such a SIH can be non-rotating if the
horizon cross sections are constant curvature surfaces and there is magnetic (but
not electric) charge.
The necessary and sufficient condition for supersymmetry in five dimensions is
that there exists a Killing spinor ǫα that satisfies (102). For five-dimensional SIHs
in asymptotically flat spacetimes we found that ω vanishes identically. This implies
that the corresponding SIHs are non-rotating. The condition also implies that κ is
zero. The corresponding SIHs are therefore non-rotating and extremal.
These properties impose additional constraints on the topology of the corre-
sponding IHs. For SIHs in ADS spacetime there is still no constraint on the pos-
sible topologies. The topologies become severely restricted, however, when Λ = 0.
For SIHs in asymptotically flat spacetimes the connection ω vanishes both in four
dimensions (see the appendix) and in five dimensions. In this case the topology
constraint (66) gives ∮
SD−2
ǫ˜R = 2
∮
SD−2
ǫ˜Tabℓ
anb . (111)
In four dimensions we find that there are two possibilities for the topology of a SIH:
• If Tabℓanb > 0 then
∮
S2
ǫ˜R > 0. In this case S2 ∼= S2;
• If Tabℓanb = 0 then
∮
S2
ǫ˜R = 0. In this case S2 ∼= T 2.
In five dimensions we find that there are three possibilities:
• If Tabℓanb > 0 then
∮
S3
ǫ˜R > 0. In this case S3 ∼= S3 or S3 ∼= S1 × S2;
• If Tabℓanb = 0 then
∮
S3
ǫ˜R = 0. In this case S3 ∼= T 3.
Exact solutions to the field equations for the cases where S2 ∼= S2, S3 ∼= S3 and S3 ∼=
S1 × S2 are known. The torus topologies, which are classically allowed topologies,
have not been found as of yet.
As is the case for spacetimes with no cosmological constant, SIHs in ADS space-
time have vanishing surface gravity and so are always extremal. However, in con-
trast to the asymptotically flat case, ADS SIHs in four dimensions can be either
rotating or non-rotating with strong constraints linking the rotation to the elec-
tromagnetic and Killing spinor fields. To give a taste of their application, let us
apply these constraints to the case when ω˜ = 0. Then, the Maxwell equations along
with the extremal IH conditions tell us that E⊥ and B⊥ are both constant in time
(£ℓE⊥ = £ℓB⊥ = 0). In addition, the Maxwell equations
∇aF ab = 0 (112)
∇[aFbc] = 0 (113)
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can be projected to Sv, respectively, such that
q˜ ba q˜
cd∇cFdb − q˜ ba ncℓd∇cFdb + q˜ ba ncℓd∇dFbc = 0 (114)
q˜ ba n
cℓd∇bFcd + q˜ ba ncℓd∇cFdb + q˜ ba ncℓd∇dFbc = 0 . (115)
Adding these two equations together, and using the decomposition (92) for Fab
along with the assumption ω˜ = 0 then gives
q˜ ba n
cℓd∇bFcd + q˜ ba q˜cd∇cFdb + 2q˜ ba ncℓd∇dFbc = daB⊥ + ǫ˜ ba dbE⊥ = 0 . (116)
Hence E⊥ and B⊥ are also constant on each Sv. Next the supersymmetry constraint
(96) says that
βB⊥ =
1
L2
and βE⊥ = 0 . (117)
Thus, E⊥ = 0 while B⊥ 6= 0 – that is, these SIHs necessarily have magnetic, but
not electric, charges. Further, applying the extremality condition (66):
1
2
R = daω˜a + ω˜aω˜a + Tabℓanb − 3
L2
(118)
= B2⊥ −
3
L2
. (119)
[This equation has been solved by Kunduri and Lucietti (2008) for vacuum gravity
in the context of near-horizon geometries.] It is clear that the two-dimensional
Ricci curvature R of the Sv is constant in this case – unfortunately the sign of that
curvature does not seem to be determined by the equations. Consulting a listing
of exact supersymmetric black hole solutions (Caldarelli and Klemm 1999) we see
that such solutions are known: specifically there is a supersymmetric asymptotically
ADS black hole in four dimensions which can be non-rotating if the horizon cross
sections have genus g > 1. As prescribed by our formalism, these solutions have
magnetic but not electric charge.
The quasilocal picture that we have presented is in excellent agreement with the
results that are known for stationary spacetimes (Gibbons et al 1994; Gauntlett et
al 1999; Gutowski and Reall 2004). In that context a supersymmetric black hole
in a spacetime with Λ = 0 (in four and in five dimensions) contains an extremal
and non-rotating horizon. Extremality is a consequence of the BPS bounds being
saturated, which implies that there exists a Killing spinor. Non-rotation is then a
consequence of the fact that a vector cannot be constructed in the neighbourhood
of a supersymmetric Killing horizon that is spacelike, as can be seen from the
algebraic conditions (79) and (108). Therefore the spacetime of such a black hole
cannot contain an ergoregion, which means that the horizon must be non-rotating.
On the other hand, a supersymmetric black hole with Λ < 0 contains a rotating and
extremal horizon (with non-trivial electromagnetic field). The rotation is required,
otherwise the extremal limit would result in a naked singularity.
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In this chapter we focused on null Killing spinors that are defined at the horizon
itself. However, the results obtained here for black holes will not be affected if
we assume that the spinors are defined globally. We note that there are many
other solutions with such spinors that are defined for the entire spacetime, which
do not describe black holes. These include pp-waves (plane-fronted gravitational
waves with parallel rays) – spacetimes with vanishing expansion, shear and twist,
and are a subset of a wider class of solutions that share this property, known as
Kundt spacetimes. For details, see e.g. (Stephani et al 2003). If a spinor is defined
globally then ℓ, which is hypersurface orthogonal everywhere, is also defined globally.
Therefore such spacetimes can actually be foliated by SIHs (Pawlowski et al 2004).
3.5 Relation to asymptotically flat solutions
In five dimensions, there are two supersymmetric solutions with the property that
the bulk electromagnetic field contains angular momentum while the horizon is non-
rotating. These are the BMPV black hole (Breckenridge et al 1997) and the EEMR
black ring (Elvang et al 2004).
The BMPV black hole was first discovered in (Breckenridge et al 1997) as a
solution to the equations that result from the truncation of D = 6 supergravity.
Later it was shown that this spacetime is a solution to the D = 5 EM-CS theory
(Gauntlett et al 1999). As was shown in (Reall 2003), the BMPV black hole is
the unique asymptotically flat extremal solution to EM-CS theory with horizon
topology S3. The line element of this spacetime can be written in the following
form:
dS2 = −
(
1 +
µ
r2
)−2(
dt+
jσ3
2r2
)2
+
(
1 +
µ
r2
)
(dr2 + r2dΩ23) , (120)
with
dΩ23 =
1
4
(dθ2 + dφ2 + dψ2 + 2cos θdφdψ) (121)
σ3 = dψ + cos θdφ ; (122)
the angular coordinates have the ranges
0 ≤ θ < π , 0 ≤ φ < 2π , 0 ≤ ψ < 4π . (123)
The (U(1)) vector potential that solves the EM-CS equations of motion with the
metric (120) is
A =
√
3
2
[(
1 +
µ
r2
)−1
(dt+
jσ3
2r2
)− dt
]
. (124)
The parameters µ and j are related to the total mass M, charge Q and angular
momentum J at infinity via
M =
3πµ
4G5
, Q =
√
3πµ
2G5
, J = − πj
2G5
. (125)
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Here, the mass is related to the total charge via
M =
√
3
2
Q , (126)
which implies that the BPS bound is saturated. This is a typical characteristic of
supersymmetric solitons in D = 5 supergravity (Gibbons et al 1994).
The BMPV black hole has one independent rotation parameter. With JGrav = 0
this corresponds to a SIH with one angular momentum given by
JEM = 1
8πG5
∮
S3
(φyA)Φ =
jπ
4G5
(
1− j
2
µ3
)
. (127)
The spacetime of the BMPV black hole is described by a non-rotating spherical
horizon with angular momentum stored in the electromagnetic fields. In addition,
the distribution of angular momentum of the spacetime is such that there is a
non-zero fraction on the horizon as well as a negative fraction behind the horizon
(Gauntlett et al 1999). The net result is that the horizon geometry is that of a
squashed three-sphere. Within our framework, these interesting physical properties
correspond to IHs with arbitrary distortions and rotations in their neighbourhoods.
Such IHs have been studied using multipole moments (Ashtekar et al 2004). When
the angular momentum of the BMPV black hole is zero the solution reduces to the
extremal RN solution in isotropic coordinates.
The generalization of the BMPV black hole to the case where the solution has
two independent angular momentum parameters is the EEMR black ring (Elvang
et al 2004). The solution describes an extremal black hole with horizon topology
S1 × S2. The solution was discovered by Elvang et al (2004); the properties and
stringy origin were studied in detail in (Elvang et al 2005). The line element of this
spacetime can be written in the following form:
dS2 = −f2(dt+ ωψdψ + ωφdφ)2 + f−1dS24 , (128)
with
dS24 =
R2
(x− y)2
[
dx2
1− x2 +
dy2
y2 − 1 + (y
2 − 1)dψ2 + (1− x2)dφ2
]
(129)
f−1 = 1 +
Q− q2
2R2
(x− y)− q
2
4R2
(x2 − y2) (130)
ωψ = − q
8R2
(1− x2)[3Q− q2(3 + x+ y)] (131)
ωφ =
3q
2
(1 + y) +
q
8R2
(1− y2)[3Q − q2(3 + x+ y)] ; (132)
the spatial coordinates have the ranges
− 1 ≤ x ≤ 1 , −∞ < y ≤ −1 , 0 ≤ ψ < 2π , 0 ≤ φ < 2π . (133)
The parameters q and Q are positive constants that are proportional to the mag-
netic dipole moment and total charge, and R > 0 is the radius of a circle that
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is parametrized by ψ at y = −∞. Also note that the set of coordinates (x, φ)
parametrize a two-sphere. Therefore the horizon is “blown up” to a ring (topolog-
ically S1 × S2) in the 5D geometry. The (U(1)) vector potential that solves the
EM-CS equations of motion with the metric (128) is
A =
√
3
2
[
f(dt+ ωψdψ + ωφdφ)− q
2
[(1 + x)dφ+ (1 + y)dψ]
]
. (134)
The parameters q and Q are related to the total mass M and total charge Q at
infinity via
M =
3πQ
4G5
, Q =
√
3πQ
2G5
, (135)
and to the angular momenta Jψ and Jφ at infinity via
Jψ =
πq
8G5
(6R2 + 3Q− q2) , Jφ = πq
8G5
(3Q− q2) . (136)
Note that M = (
√
3/2)Q as for the BMPV black hole. Also note that when R = 0
the angular momenta Jψ and Jφ are equal. This would suggest that the BMPV
black hole with equal angular momenta is essentially the EEMR black ring in the
limit when R = 0. However, in this limit there is then an apparent singularity in
the four-metric and also in the connection one-form.
The EEMR black ring has two independent rotation parameters. This corre-
sponds to a SIH with two angular momenta given by
Jj = 1
8πG5
∮
S1×S2
(φjyA)Φ (j ∈ {1, 2}) . (137)
In addition, a black ring can also have dipole charges which are naturally defined on
the horizon (Astefanesei and Radu 2006; Copsey and Horowitz 2006; Emparan and
Reall 2006). For an IH with ring topology a definition for the dipole charge P can be
realized by integrating the electromagnetic field strength plus the CS contribution
over S2:
P = 1
2π
∫
S2
⋆Φ . (138)
Charges of this type appear in the first law for a black ring (Astefanesei and Radu
2006; Copsey and Horowitz 2006). However, this is not the case with the first law
(58) that we derived. This is probably due to the fact that the dipole charges P are
associated with the presence of magnetic charge, which we have not incorporated
into our current phase space.
Appendix: an alternate formalism in four dimensions
In four dimensions, there is an alternative formalism that can be used to derive the
supersymmetry conditions for IHs as was originally done for flat spacetime (Liko
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and Booth 2008). This is a NP-type spinor formalism, in which the necessary and
sufficient condition for supersymmetry with vanishing fermion fields is that there
exists a Killing spinor ψAA′ = (αA, βA′) (A,B, . . . ∈ {1, 2} and A′, B′, . . . ∈ {1, 2})
such that (Tod 1983; Tod 1995)
∇AA′αB +
√
2φABβA′ = 0 (139)
∇AA′βB′ −
√
2φ¯A′B′αA = 0 . (140)
Here, φAB is the Maxwell spinor and φ¯A′B′ is its complex conjugate. These are
related to the field strength via
F = φABǫA′B′ + φ¯A′B′ǫAB ; (141)
the spinor symplectic structure is defined such that ǫ12 = −ǫ21 = 1. Using the
spinors α and β we can define the following set of null vectors:
ℓAA′ = αAα¯A′ , nAA′ = β¯AβA′ , ϑAA′ = αAβA′ , ϑ¯AA′ = β¯Aα¯A′ . (142)
It can be shown that the vector
KAA′ ≡ ℓAA′ + nAA′ (143)
is a Killing vector; the norm of this vector is given by
‖K‖ = 2V V¯ , (144)
where we defined the scalar V = αAβ¯
A. It follows that KAA′ can be either timelike
(referred to as nondegenerate) when V 6= 0 or null (referred to as degenerate) when
V = 0.
For IHs, the case of interest is the one for which the Killing spinor is null. This
is a particularly special case because V = αAβ¯
A = 0 implies that
β¯A = KαA (145)
for some function K. Putting this into the conditions (139) and (140) allows one
to find an expression for the covariant derivative in terms of the spinors (Tod 1983;
Tod 1995):
∇AA′αB = −
√
2K¯φαAαBα¯A′ . (146)
Here, φ is a function defined by φAB = φαAαB . Let us use this form of the covariant
derivative to find the covariant derivative of the null normal ℓ of an IH. We find
that
∇aℓb = −
√
2(K¯φ+Kφ¯)ℓaℓb . (147)
This immediately implies that
∇a
←−
ℓb ≈ 0 , (148)
and with (24) it follows that ω = 0.
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4 Isolated Horizons in EGB Theory
“Higher-derivative theories are frequently avoided because of undesirable properties,
yet they occur naturally as corrections to general relativity and cosmic strings.” ∼
J Z Simon
4.1 First-order action for EGB theory
As in Section 2, we work in the first-order connection-dynamics formulation. Here,
the configuration space consists of the pair (eI , AIJ) (with electromagnetic fields
zero). In this configuration space, the action (10) for EGB theory on the manifold
(M, gab) (assumed for the moment to have no boundaries) is given by
S =
1
2κD
∫
M
ΣIJ ∧ ΩIJ − 2Λǫ+ αΣIJKL ∧ ΩIJ ∧ΩKL . (149)
The equation of motion for the connection is
D(ΣIJ + 2αΣIJKL ∧ ΩKL) = 0 . (150)
This equation says that, in general, there exists a non-vanishing torsion T I = DeI .
To see what constraints are imposed on T , we can use the Bianchi identity DΩIJ = 0
together with the identity
DΣI1...Im = De
M ∧ΣI1...ImM . (151)
Substituting these into equation (22) gives
T I ∧ (ΣIJK + 2αΣIJKLM ∧ ΩLM) = 0 . (152)
In analogy with Einstein gravity, we assume directly that the torsion in (152) van-
ishes. (The torsion in Einstein gravity is zero, but this is not an assumption. The
condition follows directly from the equation of motion for the connection.) To get
the equation of motion for the co-frame we note that the variation of Σ is given by
δΣI1...Im = δe
M ∧ ΣI1...ImM . (153)
This leads to
ΣIJK ∧ ΩJK − 2ΛΣI + αΣIJKLM ∧ΩJK ∧ ΩLM = 0 . (154)
The equations (150) and (154) for the connection and co-frame are equivalent to
the field equations (11) in the metric formulation.
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4.2 Modified boundary conditions and the zeroth law
Let us now turn to the case for which the manifold (M, gab) has boundaries; the
region of spacetime that we consider for EGB theory is essentially the same as
that which we considered in Section 2 for EM-CS theory. Namely, (M, gab) is
a D-dimensional Lorentzian manifold with topology R ×M , contains a (D − 1)-
dimensional null surface ∆ as inner boundary (representing the horizon), and is
bounded by (D− 1)-dimensional manifolds M± that extend from ∆ to infinity. As
in Section 3, we consider the purely quasilocal case and neglect any subleties that
are associated with the outer boundary.
Let us now state the modification that is required for EGB theory. First, we
note that for IHs in general relativity the dominant energy condition can be imposed
interchangably onto the Ricci tensor or the stress-energy tensor. This is because
the Einstein field equations Gab = 2Tab imply that Rabv
avb = 2Tabv
avb for any null
vector va. For IHs in EGB theory this is no longer true because Gab 6= κDTab. [This
is also the reason why the topology constraint (152) is not applicable to IHs in EGB
theory.] It turns out that condition (c) of Definition I for IHs in EGB theory has to
be imposed onto the Ricci tensor in order for the shear tensor to vanish when the
Raychaudhuri equation is employed. Thus we have the following modified definition
for a WIH in EGB theory:
Definition III. A WIH ∆ in EGB theory is a null surface and has a degenerate
metric qab with signature 0 + . . .+ (with D − 2 nondegenerate spatial directions)
along with an equivalence class of null normals [ℓ] (defined by ℓ ∼ ℓ′ ⇔ ℓ′ = zℓ for
some constant z) such that the following conditions hold: (a) the expansion θ(ℓ) of
ℓa vanishes on ∆; (b) the field equations hold on ∆; (c) the Ricci tensor is such that
the vector −Rabℓb is a future-directed and causal vector; (d) £ℓωa = 0 and £ℓA←− = 0
for all ℓ ∈ [ℓ].
The condition (c) on the Ricci tensor is the only modification that needs to
be made for WIHs in EGB theory. In particular the zeroth law now follows just
as it does for IHs in EM-CS theory. Remarkably, the zeroth law is essentially in-
dependent of the functional content of the action, and follows from the boundary
conditions alone. This is the same conclusion that was obtained for globally sta-
tionary spacetimes (Wald 1993; Iyer and Wald 1994; Jacobson et al 1994).
4.3 Variation of the boundary term
We have seen that the definition for a nonexpanding horizon needs to be modified
for EGB gravity by imposing the analogue of the dominant energy condition directly
on the Ricci tensor. In the action principle, the main modification to the formalism
is the appearance of an additional surface term. Let us therefore reconsider the
action (149) but for a region of the manifold M that is bounded by null surface ∆
and spacelike surfaces M± which extend to the (arbitrary) boundary B.
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Denoting the pair (e,A) collectively as a generic field variable Ψ, the first vari-
ation gives
δS =
1
2κD
∫
M
E[Ψ]δΨ +
(−1)D
2κD
∫
∂M
J [Ψ, δΨ] . (155)
Here E[Ψ] = 0 symbolically denotes the equations of motion and
J [Ψ, δΨ] = Σ˜IJ ∧ δAIJ (156)
is the surface term, with (D − 2)-form
Σ˜IJ = ΣIJ + 2αΣIJKL ∧ΩKL . (157)
If the integral of J on the boundary ∂M vanishes then the action principle is said
to be differentiable. We must show that this is the case. Because the fields are held
fixed at M± and at B, J vanishes there. So we only need to show that J vanishes
at the inner boundary ∆. To show that this is true we need to find an expression for
J in terms of A and Σ˜ pulled back to ∆. As for EM-CS theory we do this by fixing
an internal basis consisting of the (null) pair (ℓ, n) and D− 2 spacelike vectors ϑ(i)
given by (33) together with the conditions (34).
The pull-back of A is the same as for EM-CS theory, and is given by (42).
For EGB theory we also need the pull-back of the curvature Ω to ∆, which can be
obtained either by direct calculation from (42) or by construction from the definition
of the Riemann tensor. We will take the second approach here. We will use the
definition (63) of the metric on SD−2 and the definition (64) of the connection
projected onto SD−2.
In thinking about these quantities it is useful to keep in mind the case where ∆ is
foliated into spacelike (D−2)-surfaces Sv which are labelled by a parameter v and n
is chosen to be −dv. Then ℓa evolves the foliation surfaces while ℓa and na together
span the normal bundle T⊥(Sv) on which ω˜a is the connection. Furthermore, the
ϑa(i) span the tangent bundle T (Sv) and q˜ab is the metric tensor for the Sv. Then, it
is clear that ∆ is non-rotating when ω˜ = 0 provided that the rotational vector field
φ is tangential to ∆.
We now turn to the Riemann tensor with the first two indices pulled back to ∆.
By definition,
R cab
←−
dℓ
d = −q ea q fb (∇e∇f −∇f∇e)ℓc , (158)
and with the horizon identity ∇ a
←−
ℓb = ωaℓ
b along with the decomposition (64), a
few lines of algebra gives
R cab
←−
dℓ
d =
(
−2n[adb]κ(ℓ) + 2q˜ e[a q˜ fb] deω˜f − 2n[aq˜ fb] Lℓω˜f
)
ℓc , (159)
where da is the covariant derivative that is compatible with the metric q˜ab. For a
weakly isolated horizon the zeroth law ensures that daκ(ℓ) = 0 and if the horizon is
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non-rotating then ω˜ = 0 also, whence
R cab
←−
dℓ
d = 0 . (160)
Finally, using this result and (63) it is straightforward to see that
Rab
←−
cdϑ
c
(i)ϑ
d
(j) = q˜
e
a q˜
f
b Refcdϑ
c
(i)ϑ
d
(j) . (161)
From here one can use the fact that
dadbϑ
(i)
c = q˜
d
a q˜
e
b q˜
f
c ∇d
(
q˜ ge q˜
h
f ∇gϑ(i)h
)
, (162)
and the identity for the Riemann tensor Rabcd associated with q˜ab
Rabcdϑ(i)d = (dadb − dbda)ϑ(i)c , (163)
along with (63) to show the Gauss relation
q˜ ea q˜
f
b q˜
g
c q˜
h
d Refgh = Rabcd +
(
k(ℓ)ac k
(n)
bd + k
(n)
ac k
(ℓ)
bd )− (k(ℓ)bc k(n)ad + k(n)bc k(ℓ)ad
)
. (164)
Here k
(ℓ)
ab = q˜
c
a q˜
d
b ∇cℓd and k(n)ab = q˜ ca q˜ db ∇cnd are the extrinsic curvatures associ-
ated with ℓa and na. However, k
(ℓ)
ab = (1/2)ϑ(ℓ) q˜ab + σab, and on a non-expanding
horizon both the expansion and shear vanish. Thus for the cases in which we are
interested
q˜ ea q˜
f
b q˜
g
c q˜
h
d Refgh = Rabcd . (165)
Then upon expanding the frame indices of Ω IJab
←−
in terms of the ℓI , nI and ϑ I(i),
and applying (160) and (165), it follows that on any non-rotating WIH the pull-back
of the associated curvature is
Ω IJab
←−
≈ ϑ(k)a ϑ(l)b R ijkl ϑ I(i)ϑ J(j) + 2ℓ[Iϑ J ](i) Ω KLab←− ϑ
(i)
KnL , (166)
where R ijkl is the Riemann tensor associated with the (D − 2) metric q˜ab =
gab + ℓanb + naℓb. That is, given a foliation of ∆ into spacelike (D − 2)-surfaces,
the spacelike ϑa(i) give an orthonormal basis on those surfaces and R ijkl is the
corresponding curvature tensor; for a non-expanding horizon, these quantities are
independent of both the slice of the foliation and the particular foliation itself.
To find the pull-back to ∆ of Σ˜, we use the decomposition (36), whence the
(D − 2)-form given by (37) and in D ≥ 5 dimensions, the (D − 4)-form
Σ←−IJKL ≈ −
1
(D − 5)!ǫIJKLA1...AD−4ℓ
A1ϑ A2(i1) . . . ϑ
AD−4
(iD−5)
[
n ∧ ϑ(i1) ∧ · · · ∧ ϑ(iD−5)
]
+
1
(D − 4)!ǫIJKLA1...AD−4ϑ
A1
(i1)
. . . ϑ
AD−4
(iD−4)
[
ϑ(i1) ∧ · · · ∧ ϑ(iD−4)
]
.
(167)
In four dimensions Σ←−IJKL = ǫIJKL.
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These expressions are somewhat formidable but on combining them to find Σ˜IJ∧
δAIJ there is significant simplification. The key is to note that each term includes
a total contraction of ǫI1...ID . This contraction must include one copy of each of ℓ
I ,
nI , and the ϑ I(i) – else that term will be zero. Similarly the resulting (D − 1) form
must be proportional to n ∧ ϑ(2) ∧ · · · ∧ ϑ(D−1). Then (156) becomes
J [Ψ, δΨ] ≈ ǫ˜ ∧ δω + 2α
(D − 4)!
[
ǫIJKLA1...AD−4ℓ
InJϑ K(k)ϑ
L
(l)ϑ
A1
(i1)
. . . ϑ
AD−4
iD−4
]
×R klmn ϑ(i1) ∧ · · · ∧ ϑ(iD−4) ∧ ϑ(m)ϑ(n) ∧ δω .
(168)
The first and second terms respectively come from the Σ←−IJ and Σ←−IJKL parts of
Σ˜←−IJ , ǫ˜ is the area element defined by (45), and we keep in mind that the horizon
is non-rotating so that ωa = −κ(ℓ)na. The second term therefore also simplifies.
Given that there are only (D − 4) elements in the spacelike basis it is reasonably
easy to see that this term sums over cases where (m,n) and (i, j) are the same set of
indices. That is (up to a numerical factor) the second term amounts to contracting
m with i and n with j so that the full surface term reduces to
J [Ψ, δΨ] ≈ ǫ˜(1 + 2αR) ∧ δω . (169)
It follows that J ≈ 0 because δω = 0 on the initial and final cross sections of ∆
(i.e. on M− ∩∆ and on M+ ∩∆), and because δω is Lie dragged on ∆. Therefore
the surface term J |∂M = 0 for EGB gravity, and we conclude that the equations of
motion E[Ψ] = 0 follow from the action principle δS = 0.
4.4 Covariant phase space and the first law
In order to derive the first law we need to find the symplectic structure on the
covariant phase space Γ consisting of solutions (e,A) to the EGB field equations on
M. We find that the second variation of the EGB surface term (156) gives
J [Ψ, δ1Ψ, δ2Ψ] = (−1)D
[
δ1Σ˜IJ ∧ δ2AIJ − δ2Σ˜IJ ∧ δ1AIJ
]
; (170)
integrating over M defines the bulk symplectic structure
ΩB(δ1, δ2) =
(−1)D
2κD
∫
M
[
δ1Σ˜IJ ∧ δ2AIJ − δ2Σ˜IJ ∧ δ1AIJ
]
. (171)
We also need to find the pull-back of J to ∆ and add the integral of this term to
ΩB to determine the full symplectic structure. From (169) we have
ΩS ≈ (−1)
D
κD
∫
∆
[δ1 [ǫ˜(1 + 2αR)] ∧ δ2ω − δ2 [ǫ˜(1 + 2αR)] ∧ δ1ω] . (172)
which is a total derivative. Now, with the definition (48) for ψ, the surface sym-
plectic structure ΩS is a total derivative, and hence upon using the Stokes theorem,
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becomes an integral over SD−2. The full symplectic structure for EGB gravity is
therefore
Ω(δ1, δ2) =
1
2κD
∫
M
[
δ1Σ˜IJ ∧ δ2AIJ − δ2Σ˜IJ ∧ δ1AIJ
]
+
1
κD
∮
SD−2
[δ1 [ǫ˜(1 + 2αR)] ∧ δ2ψ − δ2 [ǫ˜(1 + 2αR)] ∧ δ1ψ] ,(173)
where we have absorbed the overall (irrelevant) factor of (−1)D.
We can now proceed to derive the first law. As before, this follows upon evalu-
ating the symplectic structure at (δ, δξ), giving a surface term at infinity (which is
identified with the ADM energy) and a surface term at the horizon. We find that
the surface term at the horizon is given by
Ω|∆(δ, δt) =
κ(zℓ)
κD
δ
∮
SD−2
ǫ˜(1 + 2αR) . (174)
where we used κ(zℓ) = £zℓψ = zℓyω. Finally, assuming that this is a total variation,
i.e. that there exists a function E such that Ω|∆(δ, δξ) = δE , we find that
δE = κ(zℓ)
κD
δ
∮
SD−2
ǫ˜(1 + 2αR) . (175)
This is the first law for a WIH in EGB theory. Comparing this to the standard first
law identifies the entropy as
S = 1
4GD
∮
SD−2
ǫ˜(1 + 2αR) . (176)
Therefore WIHs in D-dimensional EGB theory satisfy the first law (and the zeroth
law) of black-hole mechanics.
4.5 Comparison with Euclidean and Noether charge methods
The quasilocal expression for the entropy is in exact agreement with the Noether
charge expression that was derived by Clunan et al (2004). As in that approach,
no assumptions about the cross sections SD−2 of the horizon need to be made. An
important difference, however, is that we did not assume the existence of a globally-
defined Killing vector. Instead we had to specify the existence of a time translation
vector field which mimics the properties of a Killing vector but is not defined for
the entire spacetime.
In order to compare the entropy to the Euclidean method, we need to reference
a black hole solution. The EGB equations admit the following class of (static) black
hole solutions (Cai 2002; Cho and Neupane 2002):
dS2 = −h(r)dt2 + dr
2
h(r)
+ r2dΩ2(k)D−2
h(r) = k +
r2
2α˜
(
1−
√
1− 8α˜Λ
(D − 1)(D − 2) +
8κDα˜M
(D − 2)V(k)D−2rD−1
)
.
(177)
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Here, V(k)N−1 = π
N/2/Γ(N/2 + 1) is the volume of an (N − 1)-dimensional space
SN−1 = SN−1(k) of constant curvature with metric dΩ
2
(k)N−1; k is the curvature index
with k = 1 corresponding to positive constant curvature, k = −1 corresponding to
negative constant curvature, and k = 0 corresponding to zero curvature. M is the
mass of the black hole, and α˜ is related to the GB parameter via
α˜ = (D − 3)(D − 4)α . (178)
The singular surfaces with radii r∗ are given by the roots to the equation h(r =
r∗) = 0. We denote the event horizon by r+. The location of this surface depends
on the sign of the cosmological constant: if Λ ≤ 0 then the largest root r+ is the
event horizon, and if Λ > 0 then the largest root is the cosmological horizon and
therefore the second largest root is the event horizon.
The thermodynamics of the black hole is determined in the usual way using
path integral methods (Hawking 1979). In particular, the average energy 〈E〉 and
entropy S are given by
〈E〉 = − ∂
∂β
(lnZ) and S = β〈E〉 + lnZ , (179)
where lnZ is the (zero-loop) partition function and β is the inverse temperature.
The partition function is determined via lnZ = −I˜[g] by evaluating the Euclidean
action I˜[g] (in the stationary phase approximation where g are solutions to the equa-
tions of motion δ ∫ I˜ = 0), and the inverse temperature is determined by requiring
that the Euclidean manifold does not contain any conical singularities at r+ where
the manifold closes up. For the black hole solution (177) one finds that (Cai 2002;
Cho and Neupane 2002)
〈E〉 =M and S = AD−2r
D−2
+
4GD
[
1 +
(
D − 2
D − 4
)
2α˜k
r2+
]
. (180)
Here, AN−1 = 2π
N/2/Γ(N/2) is the surface area of a unit (N−1)-sphere. This shows
that the entropy acquires a correction due to the presence of the GB term. For the
solution (177), the Ricci scalar is R = (D − 2)(D − 3)k/r2+, and (176) reduces
to (180). Our entropy expression is therefore in agreement with the Euclidean
expression as well. In our derivation, however, the entropy (176) automatically
satisfies the first law (175).
An interesting consequence of the GB term is that it is possible for black holes
to have negative entropies when 2αR < 1. This was first discovered by Cveticˇ et
al (2002) and later confirmed by Clunan et al (2004). For non-rotating horizons,
the first law (175) implies that the energy is also negative; this is not surprising, as
negative-energy solutions are possible when Λ < 0 (Horowitz and Myers 1999). We
will now proceed to show that the presence of the GB term also has consequences
for the area-increase law during the merging of two black holes.
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4.6 Decrease of black-hole entropy in EGB theory
For any EGB black hole in D dimensions, the Ricci scalar R integrates to a constant
over SD−2. It is not too surprising then, that the area always increases in any
physical process involving just one black hole with an entropy of the form (176)
(Jacobson et al 1995). However, this will not be the case for a system with dynamical
topologies such as black-hole mergers (Witt 2007). This is a form of topology change,
which for a space with a degenerate metric is unavoidable even in classical general
relativity (Horowitz 1991). This fact is relevant to the current problem because the
entropy expression (176) holds for Killing horizons and WIHs, both of which are
null surfaces on which the induced metrics are degenerate.
As an example, let us consider the merging of two black holes – one with mass
m1 and entropy S1 = [A1 + 2αX(S1)]/4GD , the other with mass m2 and entropy
S2 = [A2 + 2αX(S2)]/4GD . Here, we have defined the surface area A =
∮
SD−2
ǫ˜
and the correction term X(S) =
∮
SD−2
ǫ˜R. Before the black holes merge, the total
entropy is
S = S1 + S2
=
1
4GD
[A1 +A2 + 2α(X(S1) +X(S2))] . (181)
After the black holes merge, the total entropy of the resulting black hole is
S ′ = 1
4GD
[A′ + 2αX(S′)] . (182)
The expressions (181) and (182) imply that S ′ > S if and only if
α <
−(A1 +A2 −A′)
2[X(S1) +X(S2)−X(S′)] . (183)
Without knowing the specific details of the black holes in question, nothing further
can be said about S and S ′, or about the upper bound (183). Let us therefore
consider for concreteness the simplest case – the merging of two Schwarzschild black
holes in four-dimensional flat spacetime. This is a particularly special case as the
topologies are much more restricted than could be hoped for. First, the GB theorem
[see e.g. (Hatfield 1992)] relates the correction term to the Euler characteristic χ(S)
via
X(S) =
∮
S2
ǫ˜R = 4πχ(S) . (184)
Then the Hawking topology theorem (Hawking 1972) restricts the horizon cross
sections to be two-spheres for which χ(S) = 2. For a Schwarzschild black hole
the correction term is therefore X(S) = 8π. Furthermore, the surface area of a
Schwarzschild black hole is related to its mass via
A = 16πm2 , (185)
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whence the surface areas of the initial and final black-hole states are
A1 = 16πm21 , A2 = 16πm22 , and A′ = 16π(m1 +m2 − γ)2 . (186)
Here, a small mass parameter γ ≥ 0 for the surface area of the final black-hole state
has been included. This parameter corresponds to any mass that may be carried
away by gravitational radiation during merging. With these expressions for the
areas, the bound (183) in terms of the masses becomes
α < 2m1m2 − γ[2(m1 +m2)− γ] . (187)
Therefore the second law will be violated if α is greater than twice the product of
the masses of the black holes before merging minus a correction due to gravitational
radiation.
To summarize, the validity of the second law of black-hole mechanics was exam-
ined for a physical process in which the topology is not constant. As was shown, the
correction term appearing in the entropy (180) can lead to a violation of the second
law for certain values of the GB parameter during the merging of two black holes.
The calculation was done for two Schwarzschild black holes in four-dimensional flat
spacetime. However, a similar bound to (187) may presumably be derived for spe-
cific solutions in higher dimensions as well [although in this case the topologies are
not as severely restricted as they are in four dimensions, even for Einstein gravity
with Λ = 0 (Helfgott et al 2006; Galloway 2006; Galloway and Schoen 2006)]. In-
cidently, the result obtained here shows that the presence of the GB term in the
action for gravity can have nontrivial physical effects even in four dimensions, when
the term is a topological invariant of the manifold. This is in sharp contrast to
the commonly held belief within the literature that the term is only significant in
spacetimes with dimension D ≥ 5.
5 Prospects
“Try to see through fainted views. As reality disappears in a haze. A journey between
eternal walls. The senses unfold before my eyes.” ∼ T G Fischer
5.1 Summary
In this thesis we presented two extensions of the IH framework, first to EM-CS
theory and then to EGB theory in D dimensions. In particular, we derived the
local version of the zeroth and first laws of black-hole mechanics for general WIHs
on the phase space of the corresponding theories. In addition, for EM-CS theory
in five dimensions and for EM theory in four dimensions we derived the conditions
that are required by supersymmetry. We then turned to EGB theory, for which we
showed that the quasilocal entropy is in exact agreement with the expressions that
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are obtained by the Euclidean and Noether charge methods. Finally, we showed
that the GB term can have physical consequences in four dimensions even though
it is a topological invariant and does not contribute to the equations of motion.
As was stated in §1.2, our intention was to employ the IH framework with
suitable extensions to higher dimensions in order to determine the generic properties
of black holes in string-inspired gravity models. A summary of the main five results
are given in §1.3.
5.2 Classical applications to EM-CS and EGB theories
There are a number of classical applications of IHs to EM-CS and EGB black
holes that can be explored. Here we briefly discuss four problems that are worth
investigating.
Let us first consider applications to EM-CS theory, and in particular to the
corresponding supersymmetric black holes.
• BPS bounds. The general method for deriving the BPS bound for stationary
spacetimes is to construct an expression for the energy of the spacetime using
spinor identities and the Einstein field equations. This method was pioneered
by Witten (1981) and Nester (1981) to prove the positive energy theorem.
The method was applied in four dimensions (Gibbons and Hull 1982) and
in five dimensions (Gibbons et al 1994) to calculate the BPS bounds for the
corresponding spacetimes. How can one derive these bounds for IHs? The
bounds are saturated when the spinors are supercovariantly constant, which is
associated with extremality. This suggests that the extremality condition (65)
can be used for IHs. This is straight-forward to do for undistorted horizons.
Let us consider the four-dimensional EM theory for illustration. Here the
contraction Tabℓ
anb is the square of the electric flux E⊥ crossing the surface
(Ashtekar et al 2000c). For any IH this quantity is constant over S2 and can
therefore be moved outside the integral. The result can be used to relate the
charge Q on the horizon to its surface area A via Q = E⊥A/(4π). For the RN
solution one finds that η = Q2/R2−1 ≤ 0 with R =√A/(4π) the areal radius
(Booth and Fairhurst 2007b). When the surface gravity vanishes η = 0 and
Q = R = M with M the mass. This is the condition for supersymmetry in
four dimensions. The situation is not as obvious for distorted horizons in five
dimensions. This is because the contraction Tabℓ
anb, which for EM-CS theory
is again the square of the electric flux, may not be constant over the horizon
cross sections in general. However, for the BMPV black hole in particular
we know that the cross sections are S3 which have constant curvature, and
therefore E2⊥ is constant on ∆. From here, a charge-areal radius relation
follows along the same lines as the derivation that was outlined above for the
RN black hole in four dimensions.
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• Supersymmetry and horizon geometries. It was shown (Lewandowski and
Pawlowski 2003) that the IH constraints for extremal IHs of four-dimensional
EM theory are satisfied iff the intrinsic geometry of the horizon coincides
with that of the extremal Kerr-Newman (KN) solution. An extension of that
analysis to IHs of five-dimensional EM-CS theory would be of interest, partic-
ularly because it would provide a method for deriving the geometries of the
corresponding extremal IHs. This would complement a recently developed
method (Astefanesei and Yavartanoo 2007; Kunduri et al 2007b; Kunduri
and Lucietti 2007) for deriving the near-horizon geometries of extremal black
holes. While speculating on the local uniqueness theorems in five dimensions
we need to keep in mind that black holes in five dimensions are much less
constrained than in four dimensions, mainly because in five dimension there
are two possible topologies (S3 and S1 × S2), and also because there are two
independent rotation parameters. As a consequence of this richer structure, it
is possible that two distinct black holes in five dimensions can have the same
asymptotic charges (Emparan and Reall 2002). This is a striking example
of black-hole nonuniqueness in higher dimensions. Nevertheless, uniqueness
has been established for supersymmetric black holes in five dimensions (Reall
2003). Therefore it is expected that the five-dimensional analogues of the local
uniqueness theorem of (Lewandowski and Pawlowski 2003) do exist, but for
SIHs. We also note that, while supersymmetry constrains the geometry (i.e.
connection one-form), the dominant energy condition and the Einstein field
equations are still required to constrain the topology. Therefore we expect
that there should be a unique horizon geometry for a given topology. For ex-
ample, if the topology of a SIH is S1×S2, then the geometry should coincide
uniquely with the induced metric and vector potential of the EEMR black
ring solution. We also expect that, if the topology is S3, then the geometry
should coincide uniquely with that of the BMPV black hole in general, and
the extremal RN black hole as a limiting case when the angular momentum of
the Maxwell fields vanishes. It would be of considerable interest to try solving
the IH constraints for a SIH when Tabℓ
anb = 0 (at the horizon); the resulting
geometry would provide the first explicit solution of a supersymmetric black
hole with toroidal topology.
Now let us consider applications to EGB theory.
• Rotation. One of the main assumptions that we made in our calculations was
that the horizons are non-rotating. It would be interesting to extend the IH
phase space to include rotation by relaxing the condition ω˜ = 0.
• Torsion. The formalism presented here can be further extended by includ-
ing torsion. Recall that in §5.2 we assumed T I = 0 directly, which became
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crucial when we derived the pull-back to ∆ of the connection. However, as
the equation of motion (150) for A indicates, the torsion-free condition is not
imposed in D ≥ 5 dimensions. If the torsion is non-zero then the pull-back to
∆ of A will not be given by (42). In order to derive the modified pull-back
of A in the presence of torsion we would need to find ∇a
←−
ebI explicitly. In
addition, the Raychaudhuri equation would be different as well, and so the
boundary conditions would require a more careful analysis. The effects of
torsion on IHs should therefore lead to some interesting consequences. This
would be a particularly interesting project to work out in five dimensions,
for which a solution has recently been found that describes a supersymmetric
black hole (Canfora et al 2008). More interestingly, there is also a solution of
the equations with non-zero torsion that describes a constant-curvature black
hole with entropy that is proportional to the surface area of the inner horizon
rather than the event horizon (Ban˜ados 1998). This curious interchange of
thermodynamic parameters, namely the outer and inner horizons, may be a
consequence of the torsion that is present in the equations of motion. The IH
framework could be employed in order to test this hypothesis.
There are many more avenues to explore. We hope that others will consider
some of them.
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A Black Hole Mechanics: An Overview
A.1 Thermodynamics
The study of macroscopic properties of materials without knowing their internal
structure is the science of thermodynamics. This is the branch of science concerned
with the dynamics of materials where thermal effects are important. Because no
reference is made to the internal structure, the formalism involved is very general
and therefore very powerful. Let us quickly review the four laws of thermodynamics
(Reif 1965; Poisson 2000); this will make the connection between the laws of black-
hole mechanics and the four laws of thermodynamics apparent.
Let us now state the four laws of thermodynamics and discuss some of their
physical consequences.
• Zeroth law. If two systems are each in thermal equilibrium with a third system,
then they are in thermal equilibrium with each other. This implies that the
temperature remains constant throughout the systems that are in thermal
equilibrium with each other.
• First law. The internal energy U of a system that interacts with its surround-
ings will undergo a change given by
dU = dQ − dW , (188)
where dQ is the amount of heat absorbed by the system and dW is the amount
of work done by the system during its change of macrostate. This is really
just the statement of conservation of energy. It implies that a gain of heat to
a system can do physical work on its surroundings.
• Second law. Heat flows spontaneously from higher temperatures to lower
temperatures. This means that: (i) the spontaneous tendancy of a system
to go toward thermal equilibrium cannot be reversed without changing some
organized energy (work) into some disorganized energy (heat); (ii) it is not
possible to convert heat from a hot reservoir into work in a cyclic process
without transferring some heat to a colder reservoir; (iii) the change in entropy
dS = dQ/T (with T the temperature) of a system and its surroundings is
positive and approaches zero for any process that approaches reversibility.
• Third law. The difference in entropy δS between states connected by a re-
versible process goes to zero as the temperature T goes to absolute zero.
Unlike the other laws which are based on classical considerations, the third
law is a consequence of quantum mechanics. The third law implies that a sys-
tem at absolute zero will drop to its lowest quantum state and thus become
completely ordered.
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The first law expresses the change in internal energy of a system in terms of
inexact differentials. This means that, unlike the difference dQ − dW , seperately
dQ and dW depend on the path that is taken from the initial state to final state.
The first law can be expressed in terms of exact differentials though. First, we note
that in a quasi-static process where the volume of a fluid changes but the pressure
remains approximately unchanged, the physical work done by the system is given
by dW = PdV . Then, modulo the second law we can write the first law in the more
familiar form:
dU = TdS − PdV . (189)
This is the form of the first law that appears in most references on gravitational
physics that discuss the laws of black-hole mechanics.
A.2 Black-hole mechanics: global equilibrium
Now we will review the corresponding laws of black hole mechanics. A beautiful
introduction is given in the book by Poisson (2004). The laws of black-hole me-
chanics were first formulated for globally stationary spacetimes in four-dimensional
Einstein gravity (Bardeen et al 1973), and later extended using covariant phase
space methods to D-dimensional spacetimes in arbitrary diffeomorphism-invariant
theories (Wald 1993; Iyer and Wald 1994; Jacobson et al 1994). This seminal work
has revealed, among other properties of black holes, that the area-entropy relation
will only be modified in cases when gravity is supplemented with nonminimally
coupled matter or higher-curvature interactions. This is a consequence of the fact
that such terms modify the gravitational surface term in the symplectic structure.
Such terms naturally arise in the effective actions of superstrings and supergravity.
For now we will restrict our review to D-dimensional black holes of EM theory.
Let us first state some facts about Killing horizons. We shall consider the black
hole region
B =M− J−(I+) (190)
of a spacetime manifold M; i.e. a region of spacetime that excludes all events that
belong to the causal past of future null infinity. The event horizon is the boundary
∂B of the region B of spacetime. If the black hole is stationary, then the event
horizon coincides with the Killing horizon – a hypersurface at which the vector
ζa = ta +
⌊(D−1)/2⌋∑
ι
Ω˜ιm
a
ι (191)
is null. Here, ta is a timelike Killing vector, maι are ⌊(D− 1)/2⌋ rotational spacelike
Killing vectors and the coefficients Ω˜ι are the angular velocities of the black hole.
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The vector ζa is tangent to the null generators of the Killing horizon and therefore
satisfies the geodesic equation
ζa∇aζb = κζb . (192)
This defines the surface gravity κ of the black hole. Equivalent definitions are given
by
2κζa = (−ζbζb);a and κ2 = −1
2
ζa;bζ
a;b . (193)
For the Schwarzschild solution (2) it can be verified by direct computation that
κ = 1/(4M⊙).
We now state the four laws of black-hole mechanics:
• Zeroth law. The surface gravity κ is constant over the entire event horizon.
• First law. For a stationary black hole with energy E, surface area A , electric
charge Q and angular momenta Jι, the change in mass during a quasi-static
process is given by
δE =
κ
κD
δA + Φ˜δQ+
⌊(D−1)/2⌋∑
ι=1
Ω˜ιδJι , (194)
where Φ˜ = −Aaζa|r=r+ is the electric potential at the horizon (r = r+) and
Aa is the vector potential.
• Second law. The surface area A can never decrease in a physical process if the
stress-energy tensor Tab satisfies the dominant energy condition Tabζ
aζb ≥ 0.
• Third law. The surface gravity cannot be reduced to zero by any physical
process in a finite period of time.
The laws of black-hole mechanics are very similar to the laws of thermodynamics.
If one makes the identification U = E, then the first law of thermodynamics (189)
and the first law of black-hole mechanics (194) require that S ∝ A kB/l2P (with
physical constants restored for the moment) and κ ∝ T . However, the latter does not
seem to make sense from a classical point of view, because a black hole presumably
has zero temperature which would imply that the entropy is infinite. Is the similarity
just a mathematical coincidence, or is nature telling us something deep about the
interplay between gravitational phenomena and quantum mechanics? Indeed, the
identification S ∝ A kB/l2P requires the presence of c and ~ in order for the entropy
to be dimensionless. It was Bekenstein (Bekenstein 1973; Bekenstein 1974) who first
recognized the physical significance of this similarity. Bekenstein also recognized
that the irreversable process of dropping matter into a black hole leads to the
generalized second law of thermodynamics:
δSUniverse + δSBH ≥ 0 . (195)
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Using a semiclassical approach, Hawking (1975) then fixed the free parameter to
1/4 and the temperature to T = κ/2π. Thus a black hole is not eternal, but rather
has a thermodynamical temperature and radiates. (It should be noted that the
final state of this process is unknown, because the temperature goes to infinity
as the surface area decreases. One of the many goals of all theories of quantum
gravity is to give a detailed first-principles description of the evapouration process
and to determine what the final state of a black hole should be.) Therefore, the
laws of black-hole mechanics are the laws of thermodynamics, applied to an object
of special character.
B Differential forms
B.1 Definitions
Definition B.I: A differential p-form is a totally antisymmentric tensor of type
(0, p), i.e. ωa1···ap is a p-form if
ωa1···ap = ω[a1···ap].
Denote the vector space of p-forms at a point x by Λpx and the collection of
p-form fields by Λp. Taking the outer product of a p-form ωa1···ap and a q-form
µb1···bq , results in a tensor of type (0, p + q), which will not be a (p + q)-form since
this tensor is not generally antisymmetric.
Definition B.II: The wedge product on an m-dimensional manifold M is a map
∧ : Λpx × Λqx → Λp+qx such that the tensor product
(ω ⊗ µ)a1···apb1···bq
is totally antisymmetric.
Note that this tensor is zero if p + q > m. Thus the wedge product of two one-
forms on Rm≥2 is ω ∧ µ = −µ ∧ ω. Now define the vector space of all differential
forms at x to be the direct sum of the Λpx such that
Λx =
n⊕
p=0
Λpx.
The map ∧ : Λpx × Λqx → Λp+qx gives Λx the structure of a Grassmann algebra over
the vector space of one-forms.
Definition B.III: The exterior derivative on an m-dimensional manifold M is a
map from the space of p-forms to the space of (p+ 1)-forms:
d : Λp → Λp+1,
together with the following properties:
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1. d(ω + µ) = dω + dµ;
2. d(cω) = cdω;
3. d(ω ∧ λ) = dω ∧ λ+ (−1)pω ∧ dλ;
4. d(dω) = 0;
∀ ω,µ ∈ Λp(M), λ ∈ Λq(M), and c ∈ R.
The last property can be easily shown as follows. Consider the p-form ω such
that
ω =
1
p!
ωa1···apdx
a1 ∧ · · · ∧ dxap .
The exterior derivative acting on ω is given by
dω =
1
p!
∂µωa1···apdx
µ ∧ dxa1 ∧ · · · ∧ dxap ,
and the second exterior derivative is
ddω =
1
p!
∂ν∂µωa1···apdx
ν ∧ dxµ ∧ dxa1 ∧ · · · ∧ dxap .
Since the functions ωa1···ap are by definition smooth, the partial derivatives acting
on them commute and the operator ∂µ∂ν is symmetric. The two-form dx
µ ∧ dxν ,
however, is antisymmetric. Thus we have ddω = 0. This important property is
often written simply d2 = 0.
In general, if α ∈ Λp+1(M) and β ∈ Λp(M) then: α is called an exact form iff
dα = 0; α is called a closed form iff α = dβ. By the last property d2 = 0 of the
exterior derivative, a closed form is automatically an exact form as well. However,
the converse is not true, and the study of this is called DeRham cohomology.
Definition B.IV: The interior product of a p-form ω with vector field X on an
m-dimensional manifold M is a map iX : Λp(M)→ Λp−1(M) such that
iXω(X1, . . . ,Xp−1) = ω(X,X1, . . . ,Xp−1)
together with the “anti-derivation” property with respect to the wedge product
iX(ω ∧ η) = (iXω) ∧ η + (−1)pω ∧ (iXη)
where ω ∈ Λp(M) and η ∈ Λq(M). If ω ∈ Λ0(M) then iXω = 0.
The interior product is also called the contraction, and is also denoted Xyω. As
an example, consider ω ∈ Λ2(M) and Z = Xα(∂/∂xα) + Y α(∂/∂yα) a vector field
on M. The interior product of ω and Z is given by
Zyω = −Yαdxα +Xαdyα.
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Definition B.V: The Lie derivative of a p-form ω with respect to a vector field X
is given by
£Xω = Xydω + d(Xyω) .
Definition B.VI: The Hodge star operator on an m-dimensional manifold M is a
linear map ∗ : Λp(M)→ Λm−p(M) given by
∗ (ea1 ∧ · · · ∧ eap) = 1(m− p)!ǫ ap+1···ama1···ap eap+1 ∧ · · · ∧ eam ,
where {ea}ma=1 is a positively-oriented set of one-forms on some chart of M.
As a simple example, consider a two-form on R3. Choosing a basis {e1 ∧
e2,e1 ∧ e3,e2 ∧ e3}, the definition gives ∗ (ei ∧ ej) = ǫ kij ek, or ∗ (e1 ∧ e2) = e3,
∗ (e1 ∧ e3) = −e2 and ∗ (e2 ∧ e3) = e1.
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